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Flux — Flow Constructal Couplings in the Electropermeabilization of
the Cell Membrane

Alexandru Morega

Faculty of Electrical Engineering, National University of Science and Tehnology Politehnica

Bucharest
e-mail: amm@iem.pub.ro

Through electromagnetic field analysis and numerical experiments, the influence of the applied
electromagnetic field (EMF) frequency on the electropermeabilization (EP) conditions is stud-
ied. The physical quantity correlated with EP triggering is the transmembrane voltage induced
before the pore generation process begins. The Constructal Law (CL) of physics, which empha-
sizes the freedom of reconfiguration as a prerequisite for evolution, persistence, and survival of
systems, manifests here through the intrinsic couplings of the associated electromagnetic field.
The “morphology” of the system — what flows (EMF) and in what it flows (substance) — must
change (naturally) or be changed (by design) so that the work required by the flows is minimal,
the heat produced is transferred to the outside as efficiently as possible, etc. In this EP numeri-
cal experiment, the total electric current comprises the conduction current (which flows through
highly conductive or high-electrical conductivity media at any frequency) and the displacement
current (which flows through highly polarizable or high-permeability media at higher frequencies).
The conduction current dominates the low-frequency range: it flows outside the cells (does not
cross the membrane). The displacement current becomes more critical at higher frequencies. The
role interplay between these currents accompanies the EP. The EMF intrinsically couples electric
and magnetic fields, which source each other. Evolution’s constructal nature applies to EMF's,
governing their action-reaction morphing into propagation.

Numerical Problems in Aerospace: Regression, Optimization, Control,
ODE integrator

Mihai Victor Pricop

National Institute for Aerospace Research “Elie Carafoli”, Bucharest, Iuliv Maniu 220
e-mail: pricop.victor@incas.ro

The national aerospace community experienced in the last two decades the opportunities and
challenges brought by the European Space Agency and European Commission funded projects
where old and new problems can be equally approached for various technical readiness levels. The
presentation includes more topics that are described, with original solutions, from an engineering
standpoint.

e Supersonic Wind Tunnel operation requires an improvement in forces measurement data reduc-
tion method, from moving window linear regression to polygonal line with controlled diffusion and
third/fifth order regression splines that are developed in an original formulation, all three models
being presented.

e Optimization of operation for blow-down supersonic wind tunnels requires a low-fidelity Digital
Twin (DT) that must be fast and can be easily recalibrated. Therefore, the tank discharge problem
as an interim solution to a developed DT is solved with bang-bang type of controller regulating
both the total pressure and massflow, enabling the determination of the useful run-time of the
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facility for a given flow regime.

e The startup process of the facility brings a dynamic load on the model’s beam support. The
Euler-Bernouli equation applied for the beam is integrated with a time explicit finite difference
solver, that will be part of the DT.

e Supersonic ramp as planar intake is subject of optimization considering multiple ramp angles
for a given Mach number. Standard interior point method is used for the problem that can be
handled without constraints. A family of optimized configurations are compared with published
results. Calorically perfect gas and thermally perfect gas models are compared. -A Single Stage
to Orbit optimization is formulated, considering the minimal vehicle mass and the thrust profile
to enable direct circular orbit. Differential Evolution optimizer is used with a penalty function.
Solution uniqueness is discussed.

e A Vertical Takeoff and Landing vehicle vertical trajectory is optimized as notional trajectory,
considering two constant engine firings only. Interior point optimizer is used with moderate re-
peatability. Solution uniqueness is discussed.

e An ODE integrator is based on natural splines, as corrector step. Based on intuition, it is hand
derived and can have a certain future is studied more in-depth. An important application is the
reentry of space vehicles, debris or natural bodies, where an advanced standard atmosphere model
can take half of the computational time. The mentioned problems are presented and discussed.

Homogenization Results for Diffusion Problems in Composites with
General Imperfect Contact Conditions

Claudia Timofte

University of Bucharest, Faculty of Physics, Romania
e-mail: claudia.timofte@g.unibuc.ro

During the last two decades, the study of the effective properties of heterogeneous composite
materials with imperfect contact between their constituents has been a topic of huge interest for a
broad category of researchers, such as engineers, mathematicians, biologists, and physicists. It is
well-known that the macroscopic properties of such materials are strongly affected by the imperfect
bonding between their constitutive components. In this talk, we shall present some homogenization
results for a stationary heat diffusion problem set in a periodic two-phase composite material
with imperfect contact conditions between its building blocks. On the interface separating the
two phases, we prescribe non-standard transmission conditions of non-local type, obtained via a
concentration procedure, by supposing that the interface is the limit of a thin anisotropic layer
(see [1]). The homogenization process is carried out by using the periodic unfolding method (see
[2]) and, as a result of such a procedure, several new macroscopic models are obtained at the limit
(see [3, 4, [B]).

This contribution is based on recent joint work with Micol Amar and Daniele Andreucci (Sapienza
University of Rome, Italy).

Bibliography
[1] X. Geng, Effective boundary conditions arising from the heat equation with three dimensional

interior inclusions, Commun. Pure Appl. Anal., 22 (4), 1394-1419, 2023.

[2] D. Cioranescu, A. Damlamian, G. Griso. The periodic unfolding method. Theory and Applica-
tions to Partial Differential Problems, vol. 3 of Series in Contemporary Mathematics, Springer,
Singapore, 2018.
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[3] M. Amar, D. Andreucci, C. Timofte, Asymptotic analysis for non-local problems in composites
with different imperfect contact conditions, Appl. Anal., 102 (16), 4518-4547, 2023.

[4] M. Amar, D. Andreucci, C. Timofte, Interface potential in composites with general imperfect
transmission conditions, Z. Angew. Math. Phys., 74, 200, 2023.

[6] M. Amar, D. Andreucci, C. Timofte, Concentration and homogenization in composites with
non-local interface conditions, Ann. Mat. Pura Appl., 1-28, 2025.

Mathematical Methods for the Study of Mechanical and Physical
Phenomena

Antonela Toma

The National University of Science and Technology POLITEHNICA Bucharest,
Faculty of Applied Sciences, Department of Mathematical Methods and Models,
Center for Research and Training in Innovative Techniques of Applied Mathematics in
Engineering (CiTi)

e-mail: antonela.toma@upb.ro

This work explores advanced applications of distribution theory and fractional calculus to a
range of problems in mechanics, electrodynamics, and applied mathematics. In the first part,
distribution theory is employed to address complex mechanical systems, including generalized
solutions to Cauchy’s problem for longitudinal vibrations of elastic rods, a unified approach for
solving bending problems in elastic rods (with and without elastic foundations), and the quasi-
static analysis of vibrations in bars with discontinuities. Further, Dirac sequences are characterized
with specific applications in electrodynamics, and dimensional analysis is extended to generalized
functions in the distribution space. The methodology is also applied to longitudinal vibrations
in viscoelastic rods of Maxwell type, offering new perspectives on mathematical modeling and
boundary-value problem resolution.

In the second part, fractional calculus is investigated from both theoretical and computa-
tional perspectives. Fundamental concepts and formulae are reviewed, followed by an assessment
of numerical accuracy in fractional computations. Applications include numerical solutions of
Fredholm—Volterra integro-differential equations, Riccati fractional differential equations, and two-
dimensional fractional-order PDEs using hybrid functions. The study extends to symmetry analy-
sis in nonconservative field theories on time scales, applications to RLC circuits, structural health
monitoring through modal parameter analysis, and Hamilton—Pfaff type PDEs via multidimen-
sional fractional optimization. Additional interdisciplinary applications are discussed, including
fractional models in epidemiology—highlighting the COVID-19 pandemic—and connections with
chaos theory. The unified treatment of distribution theory and fractional calculus presented here
provides a versatile analytical framework for tackling challenging problems in modern science and
engineering.

Introduction

The present work investigates the interplay between distribution theory and fractional calculus,
with emphasis on their applications in mechanics, electrodynamics, and multidisciplinary physical
models. Distribution theory, by extending classical analysis to encompass generalized functions,
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offers a powerful mathematical framework for modeling and solving problems involving singulari-
ties, discontinuities, and concentrated sources. Fractional calculus, which generalizes the concept
of differentiation and integration to arbitrary non-integer orders, provides an equally powerful tool
for capturing memory effects and hereditary properties in diverse physical systems. Together, these
two domains form a complementary set of methods for tackling challenging mathematical models
encountered in modern science and engineering.

Distribution Theory in Mechanics

The first part of this study focuses on the application of distribution theory to mechanics, particu-

larly in the analysis of elastic bars and rods. The governing equation for longitudinal vibrations of
O%u(x,t 0%u(z,t
u(tg; ) ¢ ?)(Z ) = f(x,t), where u(z,t) is
x
the longitudinal displacement, ¢ is the wave speed, and f(z,t) is the external force density. When
f contains impulsive terms (e.g., Dirac delta § (x — ) ), the solution must be interpreted in the
distributional sense, allowing f (z,t) =Fyd (x — x¢) H (t), denoting by H(t), t € R the Heaviside’s
function and 6(z) € D'y € D'(R) Dirac’s distribution.
Using the fiber generalized contractions theorem, a unified method is developed for the resolu-
tion of boundary value problems, including the Cauchy problem, the bending of elastic rods on
elastic foundations, and quasi-static vibrations of bars with discontinuities. This approach yields
generalized solutions valid beyond the limits of classical differentiability.

an elastic rod can be expressed in classical form as

The generalized equation in displacement of the longitudinal vibrations of elastic rods is

L(0y, 0)u(z,t) = O?u—a?0tu+b*02u—c?02u=X (x,t)/p, where the displacement u(x,t) € C*(R x
R.), X € C°(R x R, ) represents the body force and a?,b?,c? are positive constants having the
Evr3 9

2 2,2 32 _ —

expressions a® = vrg, —, where v represents the Poisson ratio, p the

) c -
2(1+v)p p
density, F the modulus of elasticity, r3 = I/S, I the inertial moment about the axis Oz and S the
cross-section area.

Dirac Sequences and Electrodynamics

Using D(R™) the Schwartz’s space of indefinitely differentiable functions with compact support,
and D'(R™) the set of linear continuous functionals defined on D(R™), then for f. € Lj,.(R™)
a Dirac sequence verifies in the sense of the convergence of D’(R™) that lim._¢ fo(z) = (),
meaning that Vo € D(R"), lim.,o(f:(2), p(2)) = (6(z),p(2)) = p(z). If f. € C<(R"), then
lot]
lim._,0 D*f. (z) = D*§ (x) with D* f.(z) = gx?fgi?z’ ,. ,. éz?‘
of order |a] =a; + -+ + a, of the function f.. The study then addresses the characterization of
Dirac sequences.

representing the partial derivative

1, xel.
0, z=¢lI..
lim. 0= Xz, () =0(z) and their applications in electrodynamics.

For I. = (—¢,0) x -+ x (—¢,0) C R™, &> 0, and x;_(x) :{ , ¢ € R™ results that

Dimensional analysis rules in the distribution space are developed, allowing singular electromag-
netic sources to be treated consistently within generalized function calculus.
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Fractional Calculus: Theory and Numerical Aspects

The second part of the work addresses fractional calculus, starting with the Caputo fractional
derivative of order a € (0,1):

1 AC)
a _ _ <
D f(x) I‘(nfa)/o (x—s)aﬂ_"ds, n—1l<a<n, neN,

with a > 0. This operator naturally incorporates memory effects, making it suitable for viscoelas-
ticity, anomalous diffusion, and epidemiological models.

Fractional calculus represents the extension of derivatives and integrals to non-integer order deriva-
tives and integrals, and has wide applicability in the world of science and engineering. It is the
result of the famous correspondence between Leibniz and L’Hopital about the possible existence
of the derivative of order 1/2. The most well-known fractional operator is the Riemann-Liouville
integral operator is defined as

1 (7 f(s) _ 1 ja-
I°f(z) ={ T@ Jo s = 5= eyt Yxft), a>0,
f(z), a=0.

a n—1\1/a n 1/«
and 1°0°(2) = 87 (2, 8) , S >{ Fa (N ot —nt 1), we (7). ()7)
0, otherwise ,

6a($»5) = [Iﬁflao(f)a ‘e ,Iﬁfﬁo(x),fﬁff‘l(x), .- 'aIﬂf]%l(x)v ‘e Jﬁfﬁ/M(x)]T~

with « € [0,1), n=1,2,..., N, and m=0,1,....M.
The accuracy of fractional numerical computations is investigated for several problem classes:

e Fredholm—Volterra integro-differential equations,

h1($ ,f(l’) 7Da1f(x) ’Dazf(l.) R aDanf(l'))
s (x @) | / p(m,s>c<s,f<s>>ds) ,

subject to initial conditions D*f(0) =f , k=1,2,...,k,
witha; > as>--->a, >0, witha, € R,0>2>1and X € R.

e Riccati fractional differential equations,
a(z)D? f(x) + b(z) f(x) + c(z) f*(z) =g(x), 0<z <1,

e fractional PDEs solved using hybrid function methods.

Numerical stability and error control are discussed, especially for long-time simulations where
fractional orders are near integer boundaries.

Conclusions

Beyond mechanics and electrodynamics, fractional calculus is applied to: RLC circuits, structural
health monitoring, Hamilton-Pfaff PDEs, epidemiology, and chaos theory. These examples demon-
strate the wide applicability of fractional models in capturing phenomena that are inaccessible to
integer-order models.
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The combined use of distribution theory and fractional calculus creates a versatile analytical frame-
work for modern engineering and physical sciences. Distribution theory rigorously addresses sin-
gular sources and discontinuities, while fractional calculus accounts for memory-dependent and
nonlocal phenomena. The methodologies presented here extend classical modeling capabilities,
offering robust solutions for problems once considered intractable.
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Computer Vision System for Animal Detection, Tracking and Behavior
Analysis on Roads using Deep Learning and PDE Models

Tudor Barbu?, Silviu-loan Bejinariu!, Costica Morosanu?
! Institute of Computer Science of the Romanian Academy - Iasi Branch, ROMANIA
27A1. I Cuza” University, lasi, ROMANIA

e-mail: tudor.barbu@iit.academiaromana-is.ro, silviu.bejinariu@iit.academiaromana-is.ro,
costica.morosanu@uaic.ro

This research, that is performed within a computer vision project in the road traffic monitoring
domain, introduces a novel framework for multiple animal detection, classification and counting,
which combines successfully some deep learning and mathematical models. The detection of ani-
mals in the traffic areas and monitoring their behavior represent important computer vision tasks
that improve the road safety.

A deep learning-based animal detection technique is proposed first. We have created and anno-
tated a voluminous animal image database containing 7 common classes of domestic and wild
animals seen on or near roads, and split it into the training, validation and testing datasets. A
convolutional neural network (CNN) - based animal detector is built by training, validating and
testing a YOLO-v9 deep neural network on those 3 datasets. It locates successfully the animals in
the frames of the traffic video sequence and classify them by their species.

The animal tracking (counting) process is performed by applying a tracking by detection (TBD)
approach that treats both the appearance and motion of the detected animals. Their appearance
is characterized by applying a multi-scale analysis-based high-level feature extraction on the de-
tections using a nonlinear reaction-diffusion equation based scale-space and some deep networks.
Their motion is treated by using an Intersection over Union (IoU) - based metric and the distances
between the centroids. Some detection bounding box size related conditions are also used by the
proposed TBD algorithm.

Then, one performs also a transfer learning-based video frame semantic segmentation, in order to
identify the main components of the traffic scene: roadways, sidewalks and crosswalks. The animal
detections and tracks that intersect these regions are determined next. Thus, some walking behav-
iors of these animals can be modeled. The proposed CV system could significantly improve the
road safety by preventing the vehicle collisions and potential injuries to both people and animals.
It can be applied successfully in the autonomous vehicle domain.

Keywords: traffic video sequence, CNN-based animal detection, annotated animal database,
tracking by detection algorithm, multi-scale high-level feature extraction, nonlinear diffusion model,
ToU-based metric, video semantic segmentation.

Acknowledgments. This research work was supported by a grant of the Romanian Academy,
GAR-2023, Project Code 19.
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Determination of some solutions of the 3D Navier-Stokes equations

lurie Baltag

Technical University of Moldova, Chisinau, Moldova
e-mail: iurie.baltag@mate.utm.md

The following systems of partial differential equations is examined:

P,
ut+—x+uu;¢+vuy+wuz:)\Au+Fx,
v+ —L + vy + vy, + wu, = AAv + F, (1)
I
P.
wt+i+uwx+va+wa:AAu+Fz.
I
Uy + vy +w, = 0. (2)

Here P = P(t,z,y,2), u = ult,z,y,2), v = v(t,z,y,2); w = w(tzvy,z2);

u
F=F(txzyz2);t>0,u, = s AU = Ugy + Uyy + Uss; ,Y,2 € R.

Systems , describes the process of the non-stationary flow of a liquid or gas in three-

dimensional space. The system consists of , represents the Navier-Stokes equations in the
case of three-dimensional non-stationary motion of a viscous incompressible fluid or gas.

The P function represent the pressure of the liquid, and u, v, w functions represent the flow

velocity component of the liquid or gas. The function F' represents the external force and is

pot

ential in nature. The constants A > 0 and g > 0 are a determined parameter of the studied
C

liquid’s (or gas) viscosity and density; A = -+, ¢ > 0, where R, is the Reynolds number.

R’
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Regarding the derivation of the equations of system , and the meaning of the physical
processes described by this system, consult the works [1]. A number of solutions to the equations in
the stationary two- and three-dimensional case have been determined in the papers [2], [3] and [5].
Regarding the application of various methods for determining the solutions of nonlinear equations
with partial derivatives, you can see the works [4].

The  following  theorem  generates a  series of  solutions of  equations

©. @-

Theorem 1. May it be f = p(t)a(x)b(y)c(z), where the functions p(t) is differentiable and a(x),
b(y) and c(z) are doubly differentiable and solutions of the following equations:

1"

1" "
a =ra;b =sb;c =le,r+s+1=0, herer, s, | are constants.

Then for the flow welocity components of the problem , @ we  have

u:fxav:fva:fz-
The pressure P is P = p [F -0,5 (u2 + 02 +w2) —fi+ C’gp’(t)].

We note that the solutions to problem 7 determined in theorem 1 verify the following
conditions: Uy = Vg, U, = Wy, Wy = V; and Au = Av = Aw = 0.
Example 1. The components of velocity are: U = 3sin(5z)edztdy—t,
v = 4sin(52)e3* Tt w = 5 cos(52)e3 T,

Another example of a solution to problem , that verifies the mentioned conditions is:

Example 2. For the components of velocity, we have: u = a(t)zs™ %, v = a(t)ys~2, w =
a(t)zs™2, s = 2% + y2 + 22. Here a(t) is an arbitrary differentiable function.

The pressure in this ca se is equal to P=p [F—O, 5 (u? 402 +w?) —|—a’(t)s_%]

The following theorem gives us solutions in which the viscosity parameter A participates ex-
plicitly.

Theorem 2. May it be u = f1(s), v = fa(s), w = f3(s), s =t +x + y + z, where the functions
fu, kB = 1,2,3 is differentiable up to and including the third order. Then for the flow velocity
components, we have:

— 3\ C+1 (Cr)s
U:m |:(Cl+CB)S+CQ+C4+C'—‘,—1 (01+C3)+7 (O5+CG)€ ERY :| y
-1 3\ C+1 (CH1)s
VS50 [(20103)5+202+04+C+1 (201 =Cs)+ = (C5=Cg) e ™ ] ;

w=C —u—wv, where C#—1,Cy,C1,Co,Cs,Cy,Cs,Cg — constant.
For pressure we get:
P = [F = 3\u'(s) +0'(s)) + uv + 0,5 (u® +v* — w?)]. (3)
Example 3. If C = —2/3, the components of velocity are:
u=—[(C1+C3)s+ Cs+ Cs + IN(Cy + C5) + (9N) " (C5 + Cg)ed | ;

v=—[(C5—2C1)s +2Cs — Cy + IN(2C; — C3) + (9XN) " (Cs — 2C5)edx | ;
w=C—-u—v,s=t+z+y+ =z
The pressure P is determine from .
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In this paper, we investigate a reaction-diffusion problem with a cubic nonlinear reaction term
and non-homogeneous Robin boundary conditions. We start our study by investigating the solv-
ability of the problem in a proper class, proving the existence, uniqueness and the regularity of
the solution. Our second goal is to develop an iterative splitting scheme to numerical treat the
cubic nonlinearity. We propose a second-order fractional-steps method and results concerning the
convergence of the numerical scheme are also established. We formulate a corresponding concep-
tual algorithm in order to approximate the solution of the nonlinear parabolic problem. Some
computational experiments are made to illustrate the effectiveness of the proposed method, with
the goal of saving the calculation costs. Comparisons are made with the results obtained by the
iterative Newton method. The benefit of the splitting method aims at simplifying the process of
numerical computations due to its decoupling feature.
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Three families of solutions of a nonlinear fourth order partial
differential equation

Marian Muresan

Babes-Bolyai University,
Faculty of Mathematics and Computer Science,
M. Kogalniceanu 1,
400084 Cluj-Napoca, Romania

e-mail: mmarianus24@yahoo.com, marian.muresan@ubbcluj.ro

The paper is dedicated to the study of existence and continuous dependence to certain solutions
of non-dissipative double-dispersive microstrain wave model. The model we are interested in is
governed by a fourth order nonlinear partial differential equation, that is

at,tu(tv 1') + 'Vlaz,zu(tv x) + ’7261,1’“2 (t7 1')
+738z,a:,:c7zu(t> .’17) + 74az,a:,t,tu<ta LU) =0.

Many interesting results have been published using different methods to approach the solutions:
soliton solutions, kink solutions, antikink solutions, and bell shaped solutions. In the present paper
we use Mathematica to find a general soliton solution, a large family of soliton solution, as well as
kink and antikink solutions. The families of solutions are obtained by the Tanh ansatz method.
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The paper presents a nonlinear mathematical model for the dynamics of an electrolyzer, in-
corporating a logistic coupling for the ionic concentration at the electrode and nonlinear feedback
between current and temperature:

%:7’0(1—%)70J

dL = BC™V — 61 — (T — Ty)I

% = UIQ - /\<T - Tamb)

The proposed model captures essential features of real electrochemical systems, including satura-
tion effects and thermal feedback, which are often neglected in classical linear approaches. Through
analytical and numerical analysis, we identify the equilibrium points and study their stability by
evaluating the eigenvalues of the associated Jacobian matrix. The results reveal the existence of
both saddle-node and Hopf bifurcations as the applied voltage is varied, delineating the transition
between stable, oscillatory, and unstable operating regimes. Critical thresholds for these bifurca-
tions are highlighted, providing valuable insights for the design and control of electrolyzers. The
study shows the necessity of considering nonlinearities and thermal effects in mathematical models
to accurately predict and optimize the behavior of advanced electrochemical systems.

Quadratic polynomial differential systems possessing at least one
invariant ellipse and at least one parabola
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This work concerns the family QS of quadratic systems:
& =po+pi(z,y) +p2(z,y) = P(2,y), ¥ =q +q(z,y) + @(z,y) = Qz,y),
where p; and ¢; are homogeneous polynomials (i = 0, 1, 2) of degree i in z,y.
We are interested in the family of non-degenerate systems belonging to QS possessing affine alge-

braic invariant curves.
In the article [1] (respectively in [2]), the classification in terms of affine invariant polynomials of
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the subfamily of systems QSE (respectively QSP) possessing at least one invariant ellipse (respec-
tively parabola) was performed.

We are interesting in the classification of subfamily QSEP of quadratic systems possessing simul-
taneously an invariant ellipse and a parabola. More exactly we determine all the configurations of
such invariant curves which can possess a system in QSEP.

Following [3] we call configuration of invariant algebraic curves of a planar polynomial system, the
set of (complex) invariant algebraic curves (which may have real coefficients) of the system, each
endowed with its own multiplicity and together with all the real singular points of this system
located on these invariant curves, each one endowed with its own multiplicity.

Our results are the following ones:

1. We prove the existence of exactly seven distinct configurations of invariant curves of degree
< 2 for systems in QSEP, possessing a finite number of singularities (finite or infinite).

2 For systems belonging to QSEP possessing a line of singularities at infinity we determine the
existence of exactly three distinct configurations which beside the invariant parabola contain
an one-parameter family of invariant ellipses.

3 Necessary and sufficient affine invariant conditions for the realization of each one the men-
tioned configurations are constructed, in terms of polynomial invariants.
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partially by the grant 25.80012.5007.83SE, Moldova State University.
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We consider the following problem

uDLa(t) + EDL \a(t) € F(t,a(t)  ace. (la,b]), (1)

m b
z(a) =0, 2'(a)=z(b)=0, 2/(b)= Zaix(m) +/ x(s)ds, (2)
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where ¢ € (3,4], a < <1m2 < ... <My < b, 0,1, &0 € R, i =T1,m, p,§ #0, D¢ is the Caputo
fractional derivative of order ¢ and F : [a,b] x R — P(R) is a set-valued map.

Our aim is to extend study in [I] to the more general case when the right-hand side of (1) is
set-valued. We have two objectives. On one hand, we provide two existence results for the problem
above. The first one is done by using the Covitz and Nadler set-valued contraction principle ([2])
and the second one relies on Filippov’s ideas ([3]). On the other hand, by using a result ([4])
concerning the arcwise connectedness of the fixed point set of a class of set-valued contractions,
we prove the arcwise connectedness of the solution set of problem (1)-(2).
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Denote by R := (—o0, +00) and C(R,R) (respectively, C(R x R,R) the space of all continuous
functions ¢ : R — R (respectively, f : R x R — R) equipped with the compact-open topology.
Let (C(R,R),R,0) (respectively, (C(R x R,R),R,)) be the shift dynamical system on the space
C(R,R) (respectively, on the space C(R x R,R)).

Recall that a function ¢ € C(R,R) is said to be

1. almost periodic [1] if for any € > 0 there exists a positive number [ = I(g) such that on every
segment [a, a + [] there exists at least one number 7 for which |¢(t + 7) — ¢(t)| < ¢ for any
t € R;

2. asymptotically almost periodic [1] if there are p,r € C(R,R) such that ¢ = p+7, p is almost
periodic and |r(¢)| — 0 as t — +o0;

3. remotely almost periodic [2,3] if for every € > 0 there exists a positive number | = [(g) such
that on every segment [a,a + [] there exists at least one number 7 and L(e,7) > 0 so that
plp(t+71),0(t)) < e for any t > L(e, 7).

Remark 1. 1. Every almost periodic (respectively, asymptotically almost periodic) function is
asymptotically almost periodic (respectively, remotely almost periodic). The converse statement
is false.
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2. The notion of remotely almost periodicity on the real axis R for the scalar functions was
introduced and studied by Sarason D. (1984). Remotely almost periodic functions on the semi-axis
R, with the values in the Banach space were introduced and studied by Ruess W. M. and Summers
W. H. (1986). Remotely almost periodic functions on the real axis with the values in the Banach
spaces were introduced and studied by Baskakov A. G. (2013). He calls theses functions ”almost
periodic at infinity”.

A function ¢ € C(R,R) is said to be remotely 7-periodic if t_li?oo lo(t +7) — @(t)] = 0.

Example. The functions ¢ € C(R,R) defined by ¢(t) := cost + sinln(1 + |¢|) for any ¢t € R is
remotely 7-periodic [3].

Remark 2. Every remotely 7-periodic function is remotely almost periodic. The converse
statement is false.

A function f € C(R x R,R) is said to be regular (respectively, positively regular) if for every
g € H(f) (respectively, g € H"(f)) and v € R there exists a unique solution ¢(t,v,g) of the
equation 3y’ = g(t,v) passing through the point v € R at the initial moment ¢ = 0 and defined
on Ry := [0,+00), where H(f) (respectively, H(f)) is the closure of the set of all translations
{f"| h € R, fh(t,x) := f(t+ h,z) for any (t,2) € R x R} (respectively, {f*| h >0, f'(t,z) :=
f(t+ h,z) for any (t,z) € R x R}) in the space C(R x R, R).

It is well known the following result.

Theorem 1 (Opial []). Assume that the following conditions are fulfilled:

1. the function f € C(R x R,R) is almost periodic in time t uniformly with respect spacial
variable x on every compact subset from R;

2. the function f is monotone with respect to x, i.e., x1 < xo implies f(t,x1) < f(t,x2) for all
teR and x1,22 € R;

3. the equation
a'(t) = f(t, ) (1)

admits a bounded on Ry solution ¢(t, ug, f).
Then there exist at least one almost periodic solution o(t,p, f).

Question. Is the Opial’s theorem true for asymptotically almost periodic differential equa-
tions?

Unfortunately, the answer to this question (in general) is negative.

Our main result in the following theorem is contained.

Theorem 2. Suppose that the following conditions hold:

1. the function f € C(RxR,R) is asymptotically almost periodic in time, i.e., there are functions
p,r € C(R x R,R) such that

(a) £(t,2) = plt, ) +r(t2) for any (t,7) € R x ;
(b) the function p is almost periodic in time t and . ligrn |r(t, )| = 0 uniformly with respect
—>+00

to x on every compact subset from R;
2. f is positively regular;
3. the function f is monotone with respect to x uniformly int € R;

4. the equation admits a bounded on Ry solution ¢(t,ug, f).
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Then the solution ¢(t,ug, f) is remotely almost periodic.

Remark 3. Theorem 2 remains true if the asymptotic almost periodicity (in time) we replace
by remote almost periodicity of f under the condition that the w-limits set w; is minimal.

Open problem. The question is whether Theorem 2 remains true for remotely almost periodic
differential equations in the general case, when the set wy is not minimal, it remains open.
Acknowledgement. This research was supported by the State Programs of the Republic of
Moldova ”Monotone Nonautonomous Dynamical Systems (24.80012.5007.20SE)”, ”Remotely Al-
most Periodic Solutions of Differential Equations (25.80012.5007.77SE)” and partially was sup-
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We consider the cubic system of differential equations

&=y~ Py(z,y) + P3(x,y), = -z + Qa2(x,y) + Q3(z,y), (1)

where Pj(z,y), Q;(z,y) € Rlz,y], j € {1,2} are homogeneous polynomials of degree j. The origin
0(0,0) is a singular point for (1) with purely imaginary eigenvalues, i.e. a focus or a center. The
problem of distinguishing between a center and a focus (the problem of the center) is open for
general cubic systems.

The problem of the center was solved for system (1) with: four invariant straight lines in [1], [2];
three invariant straight lines in [1]; two parallel invariant straight lines in [3]; two invariant straight
lines and one invariant conic in [1]; two invariant straight lines and one invariant cubic in [4]. By
using the method of Darboux integrability, the center conditions were found for system (1) with
one algebraic solution in [5] and with two algebraic solutions in [6].

We study the problem of the center for a cubic differential system (1) assuming that the system
has one invariant straight line and one invariant cubic. In this talk we consider the following tasks:

(i) Find the subclass of cubic differential systems (1) which has one invariant straight line 1 +
Az + By = 0 and one invariant cubic 22 +y% +az02> 4+ a9 22y +a122y? +agzy® = 0 intersecting
at a singular point (zg, yo);
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(ii) For this subclass determine the center conditions.

Tt is proved that the cubic differential system (1) with one invariant straight line and one invariant
cubic intersecting at a singular point (xg,yo) has a center at the origin O(0,0) if and only if the
first five Lyapunov quantities vanish.
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algebraic investigation of differential models.
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Fake news have become a serious issue in today’s modern era, particularly in view of increased
activity in social and online platforms. False information can go viral almost instantaneously
through social networks that immediately affect society and people’s minds.

The form of fake news it develops within, whether fabricated intentionally or not, impacts public
perspectives through manipulation of emotion and cognition.

We propose and analyze a mathematical model describing how fake news can spread through
an online social media (OSM) platform. The model presents a generalized context of several fake
news items with independent delay and skepticism parameters. Our results provide some conditions
under which fake news either die out or become persistent, and they show the influence of delays,
skepticism levels, and incidence rates on the dynamics of information spread.
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We examine the influence of social-cognitive factors such as self-efficacy, locus of control and
negative peer pressure on the academic performance and dropout intentions of undergraduate stu-
dents. To this purpose, an epidemiological modelling framework is employed, of concern being
a 4-dimensional model which bears resemblance to a SEI model with two stages of infectivity.
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Sufficient conditions for the existence and stability of the equilibria are determined in terms of
threshold parameters defined adhoc, similar in scope, definition and interpretation to the basic
reproduction number of an epidemic model.

After performing further numerical simulations to support and explore the relevance of our theoret-
ical findings, we observe that the model exhibits rich dynamical behavior, such as multiple positive
equilibria, backward bifurcations (which means that resit and dropout can become mainstays even
if the resit reproduction number is less than one), transcritical bifurcations and Hopf bifurcations
leading to oscillatory solutions.

Malaria dynamics with bimodality of incubation period in hosts in a
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To describe the bimodal distribution of the incubation time of P. vivar malaria in Korea,
corresponding to empirical observations, we present a periodic compartmental model of delay
differential equations for malaria transmission dynamics with two distinct exposed classes in the
human population and including time-dependent parameters for mosquito birth and death rates as
well as biting rates. The short-term incubation period is modeled by an exponential distribution,
while the long-term incubation is assumed to be of fixed length. We identify the basic reproduction
number as the spectral radius of a linear operator and demonstrate that it serves as a threshold
parameter for the global dynamics of the model. We apply the model to data from South Korea.
Our numerical simulations support the analytical results.
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The problem of stabilization of dynamical systems is very challenging, as part of the control
systems’ field. The theory of positive polynomials in control has the seeds in the 1980’s, based
on the work of Naum Zuselevich. They can be used to solve a variety of problems in robust
control, non-linear control and also in non-convex optimization. The present paper approaches the
problem of finding a stabilizing feedback for homogeneous polynomial systems, in the plane. It
is known that the polynomial systems in the plane have a lot of special properties which can be
easier approached thanks to the dimension two. The case of systems arising from excitable media,
namely the kinematics of a mixing flow, is taken into account. The results will be used to deduce
properties for further detailed analysis.



ODE&Dynamical Systems 33

On the Number of Center-Affine Invariant Elements for the Differential
System s3(1, 3)

Lidia Musinschi', Victor Pricop!?

L “Viadimir Andrunachievici” Institute of Mathematics and
Computer Science, Moldova State University,
2 Technical University of Moldova
Chiginau, Republic of Moldova

e-mail: 1idia.zdragat@mail.ru, victor.pricop@mate.utm.md
We will examine the differential system s3(1,3) in the tensorial form

dx? o TN .
E = af)‘x +aixﬂ'~/z lﬂx’y (]7057577 = 133)7 (1)

where the coefficient tensor @ 4 is symmetrical in lower indices in which the complete convolution

holds. In [1] was determined the 9-dimensional Lie algebra of operators of the representation of
the centro-affine group of transformations GL(3,R) in the space of variables and coefficients of the
system .

Based on the ideas from the papers [2-7], some ternary differential systems were examined in
the works [7-9] under different aspects. However, for ternary differential systems, the problem
of constructing the functional bases of invariants, comitants, contravariants and mixed comitants
(see, for example [2-8]), is not completely solved.

By means of the Lie algebras of the differential operators, admitted by the differential systems
s3(1), s3(3) and s3(1, 3), it was proved

Theorem 1. The number of the invariant center-affine polynomials of the differential systems
s3(1), s3(3) and s3(1,3) that form the functional bases of invariants u(I), covariants u(K), con-
travariant u(R) and of mized comitants p(S), respectively, is given in the following table

s3(1) | s2(3) | s3(1,3)
WD) | 9 | 22 31
1(K) 4 25 34
H(R) 4 25 34
WS) | 7 | 28 37
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In this work, a three dimensional quadratic polynomial autonomous smooth chaotic system is
considered. By reformulating the first-order differential system as a system with two second-order
differential equations, we will investigate the nonlinear dynamics of the system from the Jacobi
stability perspective through the Kosambi-Cartan-Chern (KCC) geometric theory. The intrinsic
geometric properties of the systems will be studied by determining the associated geometric objects:
the zero-connection curvature tensor, the nonlinear connection, the Berwald connection, and the
five KCC invariants (the external force - the first invariant; the deviation curvature tensor - the
second invariant; the torsion tensor - the third invariant; the Riemann—Christoffel curvature tensor
- the fourth invariant; the Douglas tensor - the fifth invariant). In order to obtain necessary and
sufficient conditions for the Jacobi stability near each equilibrium point, the deviation curvature
tensor will be determined at each equilibrium point. Furthermore, in order to deepen our knowledge
about the dynamics of this chaotic dynamical system, we will compare the Jacobi stability with
the classical Lyapunov (linear) stability.
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We consider the differential system s3(1,4) of the form

dx?

dt

= agma + aiﬁ’yéxaxﬁxvxé (jaavﬂaf)’a 5 = ]-7 3)a (1)

where afx g6 1S @ symmetric tensor in lower indices in which the total convolution is done and the
center-affine group GL(3, R) of transformations of the contravariant vector x = (21,22 23) [1],
whose coordinates represent the phase variables of the system (1). We also consider the covariant
vector u = (u1, ug,ug) [1], whose coordinates change according to the inverse matrix of the center-
affine transformation of the vector z.

It is easy to see that the system (1) contains, as particular cases, the differential systems s3(1) and
s3(4) with homogeneities of degree 1 and 4, respectively.

Some particular cases on integrability and stability of unperturbed motion were studied for system
(1) in the works [8-11], without using the functional bases of invariant polynomials, which could
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fully characterize these properties.

In this paper, using the methods developed in the works [1-7], it was constructed the Lie algebra
of representation operators of the center-affine group GL(3, R) in the space E°(a,z,u) of the
coefficients a of system (1) and of the coordinates of the vectors = and u.

By means of this algebra, it was proved:

Theorem 1. The number of the center-affine invariant polynomials of the systems s3(1), s3(4),
s3(1,4) that form the functional bases of invariants u(I), covariants u(K), contravariant u(R) and
of mized comitants u(S) (see, for example [1,6]), is given in the following table

p(l) | p(K) | u(R) | u(S)
(D) 3 4 J 7
@) | 37 100 40| 43

$S(1,4) | 46 191 49 52

Some elements of these bases were constructed.
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The Lie algebra of the ternary differential system of
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We consider the ternary differential system s3(1,6) of the form

dSL’J 1 v .

o= a] ¢ + aaﬁ,yéwx“x’gx”*x atx¥ (j,a,8,7,0,u,v=1,3), (1)
where a, Byouv is a symmetric tensors in the lower indices, by which a total convolution is carried
out [1], [2].

Lemma 1. Let the invariant conditions [3]
K33#0, LigLas=1Ls3s

be satisfied. Then by a center-affine transformation, the system (1) can be brought to the canonical
form of Lyapunov-Darbouz type [3], [4]:

d
;t = —z? + 62 R(2', 2%, 2%) = P!,
d
CZ = Az! + 62°R(x!, 22, 2%) = P?, (2)
d . ) ) )
(Z =% — Ly 32° + 62°R(2', 2%, 2°) = P?,
where K33 =a a?a'yx‘sx“x EByv> Ll 3 = —Il 3, A2 = L23 = %(112,3 — 12,3) > 0, L3,3 = %(—Iig, +

3[1’3.[273 - 2[3’3) 11’3 = a IQ 3 = aBa 13 3=a CL'BG,B, and

R(z', 2%, 2%) = a1 (1) + 5az(z)*2? + 5az(z)*a® + 10a4 ()3 (2?)*+
+20a5(21)32223 + 10ag(2)? (23)? 4 10a7(z")?(2%)3 + 30ag(x')?(2?)*2
+30ag(z1)222 (2%)? + 10a10(z)?(2®)3 + ba 2t (2?)* + 20a122 (x )3333—1—

+30a132 (22)%(2)? + 20a142 22 (23)3 4 5arsz’ (23)* + a16(2?)® + bayr(z?) 2>+
+10a18(2%)3(23)? 4 10a10(2?)%(2%)? + bagez? (£®)* + ag (2%)°.
Solving the determining equations [4]
(€)1 Pt 4 (61)02 PP 4 (1) 03 PP = €' Pj + €2 Ppa + £ Py,
(€)1 Pt 4 (€902 P2 4 (€900 PP = €' Ph + €2 P% + € Py
(€)1 P+ (62)52 P2 + (€)0s P* = €' P + €2 P + 6P},
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where P’ (j = 1,3) are from (2), and & = A? x® + Afwwwxawﬁxvx‘sxﬂx” (1,0, 8,7, 0, p, v =1,3)
are the coordinates of the operators X = &2 (i = 1,3), we obtain a Lie algebra of three

independent linear operators X7, X5 and X3. It was proved

Theorem 1. The operators X1, X2, X3 form a commutative three-dimensional Lie algebra Ls
admitted by the Lyapunov-Darbouz type differential system (2).
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We study 6th degree planar polynomial differential systems

6 n
T = E § A n—i xlyn_lv
n=0 :=0 (1)

6 n ) )
=2 binia'y"

n=0 i=0

with real coefficients a; j, b; ;.

Our focus is on systems whose invariant straight line at infinity attains a high multiplicity in
the framework of the Poincaré compactification. We determine algebraic conditions ensuring a
certain minimal multiplicity and provide explicit examples of systems satisfying them. Some
cases leading to extremely cumbersome computations are omitted, although we outline possible
approaches to address them in future work, aiming to determine the maximal multiplicity. The
results extend previous classifications for quadratic, cubic, quartic, and quintic systems [1], and
reveal new algebraic configurations and dynamical behaviours specific to the degree-six case.
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Existence of solution for g-Fractional Differential Equations with
Boundary Conditions in Banach Spaces
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In this work, we discuss the solutions to the boundary value problem for fractional g-difference
equations with nonlinear integral conditions:

Dy v (L) — A (v () =T (v (), Dyv (1), t€[0,4,1<a<2, (1.1)
¥/
v (0)— 1/ (0) = cl/o Gy (r,v (7)) dyT, (1.2)

¢
v(l) =V (f) = cy /0 Go (1,v (7)) d,, (1.3)

By applying the fixed point theorems of Banach and Krasnoselskii, we establish the existence
of solutions for the above problem (1.1) — (1.3). Some illustrative examples are giveen.

Introduction

Over the past years. fractional differential calculus attracted the interest of several academics, due
to it’s important for mathematical modeling. Its applications can be observed in domains such as
physics, engineering, biology, and finance, where standard calculus often fails, see [9 — 11,15,17]
and the references therein.

One of the fractional differential equations that has attracted a lot of attention from researchers
is quantum difference calculus; see [1,3,4,7,12 — 14, 18] and its references.

In this research, we investigate the existence of solutions to the boundary value problem (BVP)
for fractional g-difference equations with nonlinear integral conditions.

“Dg~v (L) = Ab(t,v (1) =T (t,v (¢) ,Dgyv (1)), t€0,4,1 <a <2, (1.1)
¢
v (0) 1/ (0) = 61/0 G (r,v (7)) dyr, (1.2)

¢
v(l) =V (0) =cy /0 Go (1,1 (7)) dgT, (1.3)

where ¢ € (0,1) and A,c; and ¢3 € R, G1,Ga, h: [0, xE = &, and f: [0, x EXE = &
are continuous functions, wich £ is a reflexive Bnach space. D, . represents Caputo fractional
q—difference derivative of order ~.

Keywords: Caputo fractional g-difference inclusion; Fixed point theorems; Integral boundary
conditions.
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The nondegenerate Hopf-Hopf bifurcation and some simple degenerate cases are emphasized.
A new double degenerate Hopf-Hopf bifurcation is presented. Its normal form and bifurcation
diagram are obtained. An application of this bifurcation to an economic system is done.
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Stabilization of the nonlinear Korteweg-de Vries equation with delay
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The Korteweg-de Vries equation is a nonlinear dispersive partial differential equation which
models the propagation of long waves in water of shallow depth. In this paper, we consider the
nonlinear Korteweg-de Vries equation in the case where we have a boundary feedback with a time
delay and an internal feedback without delay. We impose some assumptions on the feedbacks. We
first prove the existence and uniqueness of the solution of the system using the semigroups theory
and we prove the exponential stability result, using a Lyapunov functional approach for any length
of the spatial domain
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Quartic differential systems with a center-focus critical point, an affine
invariant straight line, and the line at infinity of maximal multiplicity

Vacaras Olga

Technical University of Moldova, Republic of Moldova

e-mail: olga.vacaras@mate.utm.md

We consider the real quartic system of differential equations having a singular point M with
purely imaginary eigenvalues and an affine real invariant straight line [, where M ¢ [;. Using
affine transformations and time rescaling, the system can be written in the form:

&= (1—2)(y+ a0z + (1 + a1)zy + ao2y? + (azo + azo)z*+

+(1 4 a11 + a21)2%y + (ap2 + a12)zy® + aosy®) = p(z,y), 1
§ = —(x + baox? + bryay + booy® + bzox® + bar2%y + biaxy*+ (L)
+bosy® + baox* + b33y + baox?y? + bisay® + boay?) = q(x,y).

For system , the invariant straight line l; is parallel to the ordinate axis and the singular point
M, which is either a center or a focus, is placed at the origin.

In this paper, we determine the maximal multiplicity of the line at infinity for quartic system
, assuming that the system has at most five distinct singular points at infinity and that its
right-hand sides have no common divisors of degree greater than zero.

Theorem 1. For the quartic system , the mazimal multiplicity of the line at infinity is siz. The
line at infinity has maximal multiplicity for quartic system if and only if one of the following
two sets of conditions holds:

1) ags = a1z = az = azo =0, ag2 =0, a1 = —1, agg =0, boa = b1z = baz = bso = 0, bz #
0, b3g = b1a = bo3 = bag = 0, bp2 = —2;

2) aps = a1z = ag1 = 0, azo = —azy, ap2 =0, a1y = —1, azy # 0, boy = b1z = byp = b3 =
0, bap = —2a3, bos = b1z = 0, bay = —3ago, bzo =0, bo2 = DX b11 = 2asp.
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Modeling and Optimization of MR Fluid-Based Oleo-Pneumatic
Dampers for Aircraft Landing Gear

Bedirhan Aydin'2, Bogac Bilgic!
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This study presents the modelling of a pneumatic oleo damper integrated with magnetorheo-
logical (MR) fluid for application in aircraft landing gear systems. Initially, a damping element
reported in the literature is analysed, and landing scenarios of the aircraft under various operating
conditions are simulated. To mitigate the critical impacts during landing, an objective function
utilizing Integral Square Error (ISE) is employed to optimize the suspension parameters. Given
the presence of numerous parameters and to reduce computational complexity, the Particle Swarm
Optimization (PSO) algorithm, recognized as one of the most efficient optimization techniques, is
employed. The optimized parameters derived from this process are compared with the original pa-
rameters through simulations, and the results are presented in the form of graphs and tables. The
study clearly demonstrates that, as a result of the optimization process, suspension performance,
passenger comfort, and road-holding capacity have been significantly improved. Consequently, the
safety of aircraft landings has been enhanced, and the service life of aircraft components has been
prolonged.

Asymptotic and Numerical Approaches to Capillary Flow through
Narrow Domains

Elena Corina Cipu

Department of Applied Mathematics, Faculty of Applied Sciences, National University of Science
and Technology POLITEHNICA Bucharest

e-mail: corina.cipu@upb.ro

The first part of the paper is dedicated to the analytical description of capillary flow, as well as
the Jurin, Washburn and Lucas-Washburn laws with inertia and the basic principles of fluid flow
through micro-nozzle-type domains. The paper continues with the determination of approximate
solutions to the numerical modelling of the given problem, by describing the initial and boundary
conditions, the choice of physical parameters and the convergence analysis. In the last part,
the convergence and accuracy of the results in both approaches are discussed. Conclusions and
references are added.

Keywords: Capillary flow, asymptotical development, applied mathematics
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Closed-loop model identification of the identical elements with inertia
based on the underdamped step response
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In this paper is proposed an algorithm for experimental model identification of the identical
elements with inertia second order based on the underdamped step response of the closed-loop
system with P controller [1-2]. The system is proposed to be approximated with the following
transfer function:

k k

Ho — —
F (Ts+1)2 T2s2+4+2Ts+1’

where k - transfer coefficient and 7" - time constant.

The block scheme of the closed-loop system is presented in the Figure 1.

() e(r) u(f) O]

— Hr(s) > HH(s) T’

Figure 1. Structural scheme of the automatic control system.

For model estimation is proposed to be used P controller with transfer function:
HR(S) = k;m
where k,, is proportional tuning parameter.

The algorithm for closed-loop model identification is the following;:

1. Implementation of the feedback control system with P controller.

2. Variation of the proportional tuning parameter k, > 0 until the system achieves under-
damped step response, as is presented in the Figure 2.

3. From obtained underdamped step response Figure 2 calculation the period of oscillations -
TU :

TQ = tg — tl.
4. From Figure 2 calculation the value of the damping ratio [3]:
§= ;
27
1 2
+ (1ogd)

where d is decay ratio.

5. Calculation the value of natural frequency according to the relation [1-2]:

Wn
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vt T,
]

Figure 2. Underdamped step response of the closed-loop system.

6. Calculation of the Hp(s) transfer function parameters:
kpk +1
w
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Water flow and erosion on vegetated surfaces.
Part II: A coupled model

Stefan-Gicu Cruceanu
Joint work with: Dorin Marinescu, Stelian lon

“Gheorghe Mihoc-Caius lacob” Institute of Mathematical Statistics and Applied Mathematics of
Romanian Academy, Bucharest
e-mail: stefan.cruceanu@ismma.ro

Water flowing on the soil surface detaches and removes soil particles, giving rise to a fluid
mixture composed by water and sediment grains. The fluid mixture and the soil can be both
thought as two phases of a sole continuum medium separated by an interface - the soil surface -
that changes as results of erosion and deposition. The presence of plants complicates the space
configuration and the erosion process can be viewed as a phase transformation of the composite
medium. The present work aims to provide a mathematical model for water flow and erosion
that describes this phase transformation which includes changes in the spatial configuration and
changes in the proportion of water and sediment grains in its internal structure. In this model,
the flow is influenced by the suspended sediment and the soil surface may change over time.
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On the Mathematics of Wave Phenomena

Raluca Mihaela Georgescu'?, Eugen Vasile!

! National University of Science and Tehnology Politehnica Bucharest
2 Pitesti University Center
e-mail: raluca.georgescu76@upb.ro, evasevas@yahoo.com

Numerous and various mathematical treatments for wave phenomena have led to the unifying
idea of interdisciplinary research, sometimes even surpassing experimental research. The analysis
on particular fields of physics is found in the interpretative supremacy of quantum physics (correctly
wave physics). Several mathematical aspects are presented in case studies (starting from solving
the wave equation) in order to highlight the physical interpretation even in ideal cases (plane,
spherical, cylindrical waves, etc.). The aspect of propagation in time and space (defining for waves)
imposes the concept of phase and not frequency as the primary one; it justifies the usefulness of
representations in the field of complex numbers. A general wave vision of reality, both concrete
and abstract (for example in the formulation of boundary conditions or in numerical methods), is
thus imposed. The philosophical implications are of great importance and the practical as well as
the theoretical ones regarding oscillations are already covered by the theory of dynamical systems.

Keywords: oscillations, waves, propagation, physical interpretation

Sedimentation

Stelian lon
Joint work with: Stefan Gicu-Cruceanu and Dorin Marinescu

“Gheorghe Mihoc- Caius lacob” Institute of Mathematical Statistics and Applied Mathematics of
Romanian Academy
e-mail: stelian.ion@ismma.ro

In the geological sciences, sedimentation is a process of deposition of a solid material from a
state of suspension or solution in a fluid. This talk concerns the mathematical ”pictures” of the
geological process. A picture is a mathematical model that is inherently only partially faithful
to the real process. Despite of their lack of fidelity, the mathematical models are widely used to
obtain information, both quantitative and qualitative, about the morphology of the Earth’s surface
or lake bottom. Certain models are discussed and numerical results are also presented.
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Mathematical modeling of the dense avalanche onset

Oana Lupascu-Stamate

“Gheorghe Mihoc-Caius lacob” Institute of Mathematical Statistics and Applied Mathematics. of
the Romanian Academy, Bucharest, Romania.
e-mail: oana.lupascu_stamate@ismma.ro

The starting point is the limit load problem of a shallow flow of a viscoplastic fluid/solid,
with applications to the onset of dense avalanches with a small thickness on a basal surface with
topography. The DVDS (Discontinuous Velocity Domain Splitting) method is used to reduce it to
a shape optimisation problem (i.e. minimisation with respect to a subdomain). To solve the shape
optimization problem, we introduce a numerical scheme based on a boundary variation method.
Finally, we illustrate the proposed method with numerical simulations for academic and concrete
problems using real geophysical data of the basal topography.

These results are obtained jointly with Ioan R. Ionescu (Paris).

Water flow and erosion on vegetated surfaces.
Part I: A decoupled model.

Dorin Marinescu
Joint work with: Stefan Gicu-Cruceanu and Stelian lon

“Gheorghe Mihoc-Caius Iacob” Institute of Mathematical Statistics and Applied Mathematics of
Romanian Academy, Bucharest, Romania
e-mail: marinescu.dorin@ismma.ro

The present work aims to provide a mathematical tool to investigate the water-soil and water-
plant interactions involved in the complex process of water flow on plant-covered soil surfaces. The
mathematical model built here is based on an extended Saint-Venant system of equations for water
flow and the Hairsine-Rose equations for soil erosion. We perform some numerical experiments
in order to analyze the plant induced effects on water dynamics and soil erosion intensity and to
observe if the model adequately reflects the essence of the reality. From a practical point of view,
the tool described in this paper can help one to manage the environmental resources in order to
avoid various water induced disasters.

Solutions to linear ODE systems corresponding to first-order chemical
reactions and related inverse problems

Victor Martinez-Luaces

University of the Republic of Uruguay,
University of Granada, Spain
e-mail: victoreml@gmail.com

First-order chemical reactions always give rise to linear ODE systems, whose solutions are
combinations of exponentials, trigonometric functions (sines and cosines), and polynomials [1].
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However, not every function of this type is a solution to one of these problems; in other words, the
inverse problem, in general, does not always have a solution.

This fact is fundamentally due to three theorems: the first one states that the zero eigenvalue
always belongs to the spectrum of the associated matrix; the second expresses that the real part
of the eigenvalues of the associated matrix are nonpositive; and the third states that the algebraic
and geometric multiplicities of the zero eigenvalue always coincide [2].

These three results give the solutions certain characteristics and properties. Finally, related inter-
esting inverse problems of existence, uniqueness and stability, are deeply studied [3].
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Modeling Thermochemical Phenomena by Using Saddle Point Results
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The aim of this paper is to obtain some results for certain saddle points involved in modeling
specific thermochemical phenomena. The theoretical frame is based on conditional critical points
on differential manifolds, where a central theorem is proven. Several applications are presented for
simple thermochemical systems, also the interaction of two nonholonomic thermodynamic systems,
the flow in mechanical disequilibrium. Moreover, the heat flow in thermal imbalance and the
particle flow in chemical disequilibrium are studied. Such research can be applied to modeling
heat transfer during phase transitions, solution formation during compound mixing and fate of
chemical reactions.

Keywords: Saddle point; conditional critical points on manifolds; thermochemical phenomena;

thermochemical interactions; chemical disequilibrium; heat flow.
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Applicability of a Superlinear Problem with Odd Nonlinearity
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An appropriate variant of mountain pass theorem (MPT) is involved in developing a sequence
of solutions for a certain superlinear Dirichlet problem with odd nonlinearities. Some results
with abstract character are presented and correlated together with their links towards real world
models. Based on this theoretical framework, a series of applications for concrete models such
as multi-mode beams or condensate states, models for composite media (different strain or flux
patterns), and metastable diffusion patterns for nonlocal transport are discussed. Applicability of
the combination of odd and superlinear properties has been capitalized to prove multiplicity by
symmetry, nonlinear Schrédinger standing waves (from nonlinear optics), quasilinear and fractional
media (for materials, nonlocal diffusion), strongly indefinite systems (in coupled fields, spin or
charge, waveguides). Moreover, the robustness beyond Ambrosetti-Rabinowitz type results has
been analyzed as a basis for development and prospects of future research.

Keywords: mountain pass theorem; superlinear Dirichlet problem; odd nonlinearities; composite
media; metastable diffusion patterns.
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Recursive Combat Models

Bogdan Gheorghe Munteanu

”Henri Coanda” Air Force Academy of Brasov, Department of Fundamental Sciences, Romania
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The Lanchester combat model mathematical apparatus through which a combat action and
several different perspectives on the same action can be obtained. This article presents a recursive
combat model by [MacKay(2006)], which allows for the prediction of force ratios annihilation and
combat times. The formulation and analysis of the Lanchester recursive combat model is performed
for different sequential combat engagements, each time obtaining validation through a graphical
approach.

Keywords: Lanchester combat models, recursive combat model, annihilation and combat times
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Effect of geometric shapes of nanoparticles on toxicity

Yesim Ozkan', Deniz Altun Colak?

LOrdu University, Molecular Biology and Genetics Department, Ordu, Turkey % Erzincan Binali

Yildvrim University Biology Department, Erzincan, Turkey
e-mail: yozkan52@gmail.com

The toxicity of nanoparticles depends on their physical, chemical and other properties, size
and geometric shape. Particle size, density, or interparticle spacing in nanoparticle assemblies
depends strongly on the geometry of the template structure and spatial confinements. In nanopar-
ticle design, the phenomenon that changes the existence and increase of magnetism in nanopar-
ticles can be achieved by controlled geometric interpretation. Among the characteristic shapes
of nanoparticles, two-dimensional (2D) and one-dimensional (1D) nanoparticle patterns on their
surfaces are accepted for many applications and technological nanodevices. The geometric shapes
of nanoparticles such as fibers, belts, wires, tubes, and spheres are very important in determining
the toxicokinetics of nanoparticles, and the most worrisome shapes for toxicity are fibers or long
wires. Because the most decisive factors in the toxicity of nanoparticles are their shape and length.
The highly conflicting reports in toxicity studies of the same nanoparticle have been linked to their
chemical, physical, and surface properties, particularly shape and size.

Keywords: geometric shape, nanoparticles, toxicity

Spatial Confinement of Different Types of Nanoparticles
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LYOrdu University, Molecular Biology and Genetics Department, Ordu/Turkey
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As the science of nanotechnology has developed, focus has shifted to nanoparticle assemblies
rather than the functional and structural complexity of individual nanoparticles. Thus, combined
systems provide quantitative and qualitative improvements in particle size, constituents, and phys-
ical or chemical properties. Spatial confinement results in increased efficiency and high resolution
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properties of nanoparticles. The physical and/or chemical properties of nanoparticles are deter-
mined either by the type of motion granted to the electrons or by the area in which the electrons
are confined under the influence of the forces they encounter. While the motion of unbounded
electrons is not quantized, the motion of electrons bound to atoms and/or molecules is quantized
because they are bound. The strength of confinement of electrons depends on the smallness of
their field of action, with atomic confinement being the strongest form. For example, confining
electrons to a large area in metal nanoparticles gives the metal its conductivity. When the electron
movement within this metal nanoparticle is restricted by reducing its size, metal nanoparticles of
different valences and shapes are formed. One of the two fundamental healing mechanisms of poly-
mer nanocomposites is the spatial effect created by confining the polymer chains within a limited
space between the nanoparticles.

Keywords: Spatial confinement, nanoparticles

Analytcal Description for the Working of the Pulsatory Liposome
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We consider a unilamellar liposome filled with an aqueous solution of osmotic solute inserted in
a hypotonic aqueous medium. Due to the osmosis process the lipid vesicle swells up to a maximum
size, when a transbilayer pore suddenly appears. The pore appearance changes the direction of the
liposome evolution. Part of the internal solution leaks through this pore. The liposome deflates
and returns to its initial size. The liposome swelling is described by a differential equation that
has an analytical solution. Liposome deflation is described by three differential equations. This
system of three differential equations can be solved numerically. In this work we obtain analytical
solutions for the three differential equations that describe the relaxation stage of the pulsating
liposome. These analytical solutions represent the functions that describe the time dependence of
the liposome radius, the pore radius and the osmotic solute concentration.
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Control strategies for hydraulic servomechanisms of flight controls
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This paper outlines four key findings in hydraulic servomechanism design for flight controls.
It revisits nonlinear stability theory, emphasizing the Lurie problem and Lifschitz condition.
Impedance of servomechanism is another parameter which was shown to be crucial in preventing
flutter of primary flight controls. Robust servomechanism synthesis methods are also considered,
by including an anti-windup compensator. A fuzzy supervised neurocontrol is introduced for posi-
tion tracking, combining neural and fuzzy logic to handle saturation. The paper ends with recent
advances like backstepping control and delay compensation.
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Innovation, and Digitization, by NUCLEU Program project codes PN 23-17-02-03 and PN 23-17-
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Some properties on translated and reverse topologies
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In the context of topological semilinear spaces (L, o), one can naturally define 2 complementary
topologies associated with o - the translated topology and the reverse topology. It is shown by
examples that these three topologies are distinct two by two. In the particular case of the Hausdorff
upper topology on the family of non-empty subsets of a linear normed space, some classes of limits
in the sense of reverse convergence are found, thus proving the consistency of the notion of reverse
topology.

Applications of the differential subordination theory in univalence
results involving fractional and convolution operators
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Differential subordination theory is a significant method for addressing the topic of obtaining
geometric properties and univalence criteria of different types of operators. The bases of the
differential subordination theory were established by Sanford S. Miller and Petru T. Mocanu in
two papers published in 1978 and 1981. Many researchers have picked up the idea and enhanced
the theory over the following decades. The techniques of this theory are applied in the investigation
detailed in this presentation. Its applications concern establishing univalence criteria for operators
defined by applying the fractional integral to Bessel function of the first kind and by using the
convolution of Dziok-Srivastava linear hypergeometric operator and the Bessel function of the first
kind, respectively.

Keywords: univalent function, convex function, fractional integral, differential subordination,
best dominant, special functions. Subjclass201030C45, 30C80, 33C10.

Bibliography
[1] S.S. Miller, P. T. Mocanu, Second order differential inequalities in the complex plane, J. Math.
Anal. Appl., 65 (1978), 289-305.

[2] S. S. Miller, P. T. Mocanu, Differential subordinations and univalent functions, Mich. Math.
J., 28 (1981), 157-172.

[3] D.A. Bardac-Vlada, Univalence studies concerning a new integral operator involving Bessel
function of the first kind, J. Inequal. Spec. Funct., 16(2) (2025), 60-71.



60 CAIM 2025, BUCHAREST, SEPTEMBER 18-21, 2025

[4] D.A. Bardac-Vlada, G.I. Oros, Applications of a new linear operator involving Dziok-Srivastava
operator and Bessel function of the first kind, Turk. J. Math., (2025).

Deep learning methods and strategies for the enhancement of
computed tomography image quality
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The most significant opportunity for improving computed tomography (CT) image quality and
reducing patient radiation dose lies in noise reduction. In this field, in addition to conventional
approaches, deep learning—based denoising methods are gaining increasing importance. A variety
of network models exist, employing diverse training strategies (see in [Il [2]). In this presentation,
we introduce several deep learning architectures using different supervised training schemes. For
training, we used only mathematical phantoms with artificially simulated noise. We also present
the noise model developed for a real multi-slice cone-beam CT system. The image quality im-
provements are demonstrated both on mathematical phantoms and on real CT scans.
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Certificate of positivity in Bernstein basis
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Let P € Z[X] be a polynomial of degree p with coefficients in the monomial basis of bit-size
bounded by 7. If P is positive on [—1,1], we obtain a certificate of positivity (i.e. a description
of P making obvious that it is positive) of bit-size O(p*(r + log, p)). Previous comparable results
had a bit-size complexity exponential in p and 7.
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Coupled systems driven by Leray-Lions type operators
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We are concerned with the weak solvability of nonlinear systems with variable exponents,

involving Leray-Lions type operators. More precisely, we establish existence, uniqueness, and a
priori estimates for the solution. One of our concerns was to relax the hypotheses and to find
various examples of nonhomogeneous differential operators and of nonlinear terms which verify
them. Consequently, we are able to bring numerous examples of systems obtained under our
general hypotheses, such that our existence, uniqueness, and regularity results apply to all of
them. In this manner, we show that it is possible to provide a unitary treatment for various
systems.
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Riemann-Lebesgue integrability and applications in non-additive
setting
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Starting from Riemann-Lebesgue integrability of a vector (real) function with respect to an

arbitrary non-additive set function, we present some generalizations in two directions: the interval-
valued setting, both for integrands and for set-functions, and to functions with values of real random
variables. Some difficulties arise in these approaches:
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-the techniques of the classical measure theory can no longer be used;

-the spaces are more difficult to use.

The motivation of it is mainly due to the fact that, though finite or countable additivity is a
fundamental concept in measure theory, it can be useless in some modeling problems of decision
making, data mining, economy, computer science, game theory, subjective evaluation, fuzzy logic,
stochastic potential theory.

Homogenization of the diffusion-convection equation

Camelia Gheldiu, Mihaela Dumitrache

Department of Mathematics and Computer Science,
National University of Science and Technology POLITEHNICA Bucharest

e-mail: camelia.gheldiu@upb.ro, mihaela.dumitrache@upb.ro

The paper presents the homogenization of a diffusion-convection problem posed on a periodi-
cally perforated domain. The method used is asymptotic development or the method of multiple
scales. To demonstrate the convergence of the homogenization process, the double-scale conver-
gence method was employed. The homogenized problem obtained is still a diffusion-convection
problem in which the homogenized matrix and the homogenized convection vector retain the prop-
erties from the initial problem.

Hidden singularities in some nonlinear BVPs. Applications to
lubrication approximation for thin viscous films

C. I. Gheorghiu

“Tiberiu Popoviciu” Institute of Numerical Analysis, Cluj-Napoca, Romania
e-mail: cigheorghiulil@gmail.com

A thin viscous film flows on an inclined plane because of the competing effect of Marangoni and
gravity stresses[I] The dimensionless nonlinear PDE for the thickness h(z,t) of the film above the
inclined plane, as a function of distance x down the plane and time ¢, that model this flow reads

hi + (B* = h*)_+ (h*heas) , + D (h*hs) =0, —00 < x < o0, (1)
9 72 / cot o : : :
where D = ZA/TW) Ginoyi737 18 8 nondimensional parameter [2]

The equation will be solved along with some boundary conditions for travelling waves that connect
an upstream height ho to a (smaller) downstream height b < ho.. They read

h— heoy, — —0c0cand h — b >0, — co. (2)

The initial boundary value problem — is analysed using a three-step strategy. It consists of
Chebyshev collocation, implemented as Chebfun, in conjunction with rational AAA interpolation
and analytic continuation. By extending the solutions to these problems in the complex plane,
we observe that the complex poles have no influence. On the other hand, the real ones involve
singularities and indicate how long solutions can be extended through continuity.
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Rational approximation r(z)
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On collectively some sets of operators
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L(X,Y) denotes the vector space of all bounded linear operators between normed spaces X
and Y. A set A C L(X,Y) is called collectively compact sets operators if ABx = UreaT(Bx) is
a relatively compact set in Y, where Bx is the closed unit ball in X. Let £ be a normed vector
lattice and let F' be a normed space. An operator T : E — F is called a K B-operator if for
every positive increasing normed bounded sequence () in E, there is an € E such that (T'z,,)
converges to Tx in F.

We investigate collective some sets of operators on normed vector lattices such as collectively
K B-sets of operators, collectively quasi K B-sets of operators and so on. Also, we study the
domination property of some collectively sets of operators on normed vector lattices.
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On a positive semigroup associated to a nonlinear evolution model in
an ordered space 11

Cecil P. Grunfeld
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We consider a one-parameter Cy semigroup of positive linear operators, arising in the formu-
lation of a nonlinear evolution equation in an abstract state space in the sense of Davies, recently
introduced in literature. In the present work, the study of the aforementioned semigroup, initiated
in a previous paper, in the framework of an abstract state space, assumed to be also a Banach
lattice, is extended to a non-lattice case. We provide an example showing that if we remove the
lattice condition, then the above Cjy semi-group may become trivial. The main argument behind
our example reveals that the norm entering into the definition of the abstract state space appears
to be irrelevant to the construction of the example.

On the conditioning of Vandermonde matrices with mock-Chebyshev
nodes

B. Ali Ibrahimoglu

Department of Mathematical Engineering, Yildiz Technical University, Istanbul, Turkey
e-mail: bibrahim@yildiz.edu.tr

The classical problem of polynomial interpolation on distinct nodes, when expressed in the
monomial basis, gives rise to a Vandermonde matrix. However, a well-known drawback of the
Vandermonde matrix is its tendency to become severely ill-conditioned when constructed from
real nodes [I], even for moderate degrees. The severity of this ill-conditioning depends strongly
on the distribution of the interpolation points and the choice of basis. Although the general rec-
ommendation is to employ nonuniform nodes that cluster near the endpoints, such as Chebyshev
or Chebyshev—Lobatto points, in practice data are often available only at equally spaced loca-
tions. In such cases, interpolation becomes unreliable, suffering simultaneously from the Runge
phenomenon and the ill-conditioning of the associated system. A practical remedy is to extract
so-called mock-Chebyshev nodes from a dense uniform grid, thereby inheriting the advantageous
properties of Chebyshev nodes [2, [3] 4].

In this study, we analyze the conditioning of Vandermonde matrices and demonstrate that
employing mock-Chebyshev nodes yields a significant reduction in the condition number, with
results comparable to those obtained using Chebyshev-Lobatto nodes.

Keywords: Vandermonde matrix, Condition numbers, Mock-Chebyshev nodes
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Generalized hyperbolic-type metrics on non-Euclidean metric spaces
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Hyperbolic metric plays a crucial role in both pure and applied mathematics, particularly in
geometry, complex analysis, group theory and network theory. The lack of a counterpart of the hy-
perbolic metric in domains that are neither balls nor half-spaces, in higher dimensional Euclidean
spaces, led to the construction of several hyperbolic-type metrics. We present recent advances on
hyperbolic-type metrics defined in the complement of a proper closed subset M of an arbitrary
metric space (X, d), that are generalizations of Gehring-Osgood metric, Vuorinen’s distance ratio
metric, the metric of Dovgoshey, Hariri and Vuorinen, the Nikolov-Andreev metric, the Ibragi-
mov metric, the stabilizing metric of Boskoff and Suceava, the t—metric of Rainio and Vuorinen.
Gromov hyperbolicity, mutual bi-Lipschitz equivalence, metric completness and quasiconformal
equivalence with the original metric are studied for the above-mentioned metrics. Also, if (X, d)
is Ptolemaic and sx\ (2,y) = ;:A%m for z,y € X \ M is the triangular ratio metric
associated to M, we prove that log (1 + SX\M) is a metric that is strongly hyperbolic on X \ M
in the sense of Nica and Spakula.

Third-order fuzzy differential subordination and superordination results

Georgia Irina Oros, Loredana lambor

Department of Mathematics and Computer Science,
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e-mail: georgia oros_ro@yahoo.co.uk

The concept of third-order fuzzy differential subordination emerged in 2024 as a result of
the efforts made for extending the known knowledge related to second-order fuzzy differential
subordination, established in two papers published in 2011 and 2012. The dual problem of the
third-order fuzzy differential superordination has also been approached in 2024 by introducing the
basic notions related to the concept of third-order fuzzy differential superordination. Applications
of the two dual theories involving different operators have emerged in 2025 and they are the focus
of this presentation. Sandwich-type theorems connecting the conclusions of the studies conducted
using the particular methods of the theories of the third-order fuzzy differential subordination and
superordination, respectively, are also presented

Keywords: fuzzy set, third-order fuzzy differential subordination, third-order fuzzy differential
superordination, fuzzy dominant, fuzzy best dominant, fuzzy subordinant best fuzzy subordinant.
2010 MSC : 30C45, 30C80, 33C10.
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Recent studies on the fractional integral of the Gaussian
hypergeometric functions
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After the fractional integral of Gaussian hypergeometric function was introduced and investi-
gated using fuzzy differential subordination theory in 2022, it was used for obtaining new third-
order differential subordination results in 2023. A new approach on its study concerns obtaining
univalence conditions by applying the means specific to the classical differential subordination
theory and the properties of the close-to-convex and Carathéodory functions. This approach was
suggested by the recent developments on certain univalence conditions for the Gaussian hyperge-
ometric function and it is the focus of this presentation.

Keywords: fractional integral, Gaussian hypergeometric function, starlike function, convex func-
tion, close-to-convex function, Carathéodory function, differential subordination, univalence con-
dition.
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Numerical Investigation of a Free Boundary Problem Involving Phase
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Understanding phase change phenomena plays a vital role in scientific research, engineering
design, and numerous industrial processes. In this study, we present a mathematical model for a
two-phase melting process, where the thermal conductivity is temperature-dependent. The model
is governed by a nonlinear parabolic partial differential equation defined in a moving domain or
an unknown domain (Free boundary problem). Since an analytical solution to this problem is not
feasible, a numerical investigation is carried out using a boundary-fixing explicit finite difference
method. The proposed numerical scheme is shown to be consistent and conditionally stable. For
a particular case of the model, the exact solution is derived, and the uniqueness of this solution is
proven. A comparison between the numerical results and the exact solution for the specific case
demonstrates excellent agreement. Additionally, the effects of various parameters on the phase
change process are analysed.

Keywords: Free boundary problem, Phase change problem, Variable thermo-physical property,
Finite difference method.

Numerical method for solving Blasius boundary layer model
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In this paper, we present a numerical method for solving the Blasius boundary layer model.
The influence of transpiration on self-similar boundary layer flow over moving surfaces is analyzed
using the modified operational matrix method. We derive the mathematical model and present
theoretical results, including convergence analysis, error estimates, and the existence and unique-
ness of the solution. Several numerical results are provided to demonstrate the efficiency of the
proposed method.
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Stieltjes differential problems with general conditions on the boundary

Bianca Satco
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We present an existence result for first order differential inclusions with very general boundary

value conditions
{ ul (t) € F(t,u(t)), pg—ae.te[0,T]
L(u(0),u(T)) =0

involving the Stieltjes derivative ([I]) with respect to a left-continuous nondecreasing function
g:10,T] = R.

Here F :[0,7] x R — P(R) is a Carathéodory multifunction and L : R?> — R is a continuous
map. The method consists in assuming the existence of appropriate notions of lower and upper
solutions ([3]), with the help of which we prove the existence of solutions via a fixed point result
for condensing mappings; several outcomes in literature can be deduced by particularizing the
function g with respect to which the Stieltjes derivative is considered or by particularizing the map
L describing the boundary condition.
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Estimations in Holder spaces of some weak-singular integral operators
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Algorithmic implementation of collocation, quadratures, splin-collocation and splin-quadratu-
res methods for solving weak-singular integral equations (WSIE)of second kind leads to necessity
of concrete estimations in Holder spaces of Fredholm and Volterra weak-singular integral operators
(WSIO) that are used in these algorithms. We mention that only the existence of majority constants
for the indicated WSIO was proved (see, for instance, the works [1] and [2]). This fact does not
permit their application to numerical algorithms.

Denote by H,[a,b] the Holder space with exponent o (0 < & < 1) on [a, b].
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Theorem 1. Let the function h(t,s) € Hqala,b] and 0 < v < 1. Then, for any function
©(t) € Cla, b, we have

[P h(t,s) o
G(t) = /a = 3|7g0(s)ds € Hyla,b], 6 = min(a;1 — ),

o — a7
with Holder’s constant ¢; = ||g0||c<\|h||¢2(%thyl) + H (R a)%).
Let us define the functions

h(t,s) :
|t_8‘770<'y<13 |t_5|2p?
Kp(ta S) = h(tifs); |t _ 5| < p,

p << min{b—a;1}.
Then for Fredholm WSIO, we prove
Theorem 2. Assume that h(t,s) € Hyala,b]; ¥(t) € Cula,b]; 0 < v < 1. Then functions

b b
xp(t) = f[l’;ﬁjll — K,(t,8)] - ¢(s)ds, n,(t) = [ K,(t,s)-1(s)ds verify the following relations:

. 2y
Xo ()] < cap’ [ Plle, ea= m”hnc%

2(b —a)t~7
200y

Xp(t),mp(t) € Hola,b], 6 =min(a;1—7).

()] < (c5 — cap” ) |[Ylle, 5 =
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The operational matrix technique is a powerful method for addressing fractional initial value
problems. In this study, we employ Block Pulse functions to approximate the solution. Tradition-
ally, obtaining the expansion coefficients necessitates constructing operational matrices for integral,
derivative, and product operators, which often results in a high-dimensional system of nonlinear
algebraic equations. Solving such a system is computationally expensive, time-intensive, and can
limit accuracy. To overcome these challenges, we introduce a modified approach that circumvents
the need for solving a system of equations to determine the solution’s coefficients. Instead, the co-
efficients are computed explicitly and iteratively based on previous values. We rigorously establish
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the theoretical foundation of this approach, demonstrating that the iterative determination of coef-
ficients leads to a sequence of functions that uniformly converges to the unique solution of the given
system. Furthermore, we establish the existence and uniqueness of the solution. The proposed
method is numerically validated through multiple examples, including two practical applications:
one in optimal control theory and another related to the El Nifio-Southern Oscillation (ENSO)
system in global climate modeling. Various error measures, including the Lo-error and minimiza-
tion error, are employed to assess accuracy. Comparative analysis with existing methodologies
highlights that the proposed approach enhances accuracy, reduces computational costs, simplifies
implementation, and improves efficiency over the conventional operational matrix method.

Set optimization via the embedding function

Cristina Stamate

”Octav Mayer” Institute of Mathematics of the Romanian Academy — Iasi branch, Romania
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The purpose of this communication is to see the efficiencies of set optimization as classical
Pareto efficiencies for an associated function obtained by a Radstrom type embedding method in
order to import in set optimization some techniques from vector optimization.

Sub-supersolution method for quasilinear Dirichlet problems with
unbounded coefficient and intrinsic operator

Elisabetta Tornatore
Joint work with professors D. Motreanu and R. Livrea

Department of Mathematics and Computer Science, University of Palermo, Italy
e-mail: elisa.tornatore@unipa.it

I want to use the sub-supersolution method in the case of a quasilinear Dirichlet problem which
exhibits convection, with an intrinsic operator, and whose principal part contains an unbounded
coefficient G(u) depending on the solution u. A truncation technique leading to a priori estimates
is developed not only for the reaction term in the equation, but also for the unbounded coefficient
G(u). The existence of a solution within the sub-supersolution interval is obtained together with
uniform boundedness of the solution set.

A generalization theorem on quasi monotone sequences

Sebnem Yildiz Yar

Mathematics Department, Ordu University, Ordu, Turkey
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Recently, in [I0] Bor has obtained two main theorems dealing with some applications of o-
quasi-monotone sequences to the factored infinite series and Fourier series. In this paper, we have
generalized these theorems for |A,0,|; summability method by using arbitrary triangle matrix
instead of Riesz matrix. New and known results are also obtained for some absolute summability
methods.

Keywords: Riesz mean, matrix summability, infinite series, Fourier series, Holder inequality,
Minkowski inequality.
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On absolute matrix generalizations of some factor theorems

Sebnem Yildiz Yar
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e-mail: sebnemyildizyar@odu.edu.tr

The aim of this paper is to generalize two theorems concerning weighted mean summability to
| Al summability by using quasi- f-power increasing sequences and an arbitrary triangular matrix
instead of weighted mean matrix.

Keywords: Summability factors, absolute matrix summability, weighted mean summability, infi-
nite series, Holder and Minkowski inequalities.
2010 MSC : 26D15, 40C05, 40F05, 40G99.
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On the degree of concordance with the discrete uniform distribution of
pseudorandom number generators in the most commonly used
computer applications

Valentina Astafi, Alexei Leahu
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In our work a statistical analysis of the degree of concordance with the uniform distribution
in the discrete case of pseudorandom number generators was performed. The results obtained
and the top of the most performing generators target the applications/programming languages
Mathematica, Excel, Python, R, Random.org, C++, Java but also the decimals of the number PI.
All of the tools related to Exploratory Analysis and Inferential Analysis of statistical data were
used.

Keywords: Uniform distribution, pseudorandom number generator, Exploratory and Inferential
Data Analysis.

A Framework for Sharing Staff between Outbound and Inbound
Airport Processes

Sultan Alodhaibi
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This paper proposes an advanced simulation-optimization approach to evaluate and optimize
the passenger flows within international airports. This approach allocates resources intelligently
during the simulation process and balances demand and service quality. The resource allocation
performed by our Advanced Resource Management (ARM) algorithm was used to develop an
integrated system for arranging resources, identifying the proper resources, and allocating them
throughout the model. It was used to investigate the influences of different staff allocation tech-
niques on the inbound and outbound processes of an airport terminal. The purpose of the proposed
simulation-optimization approach is to enhance passenger satisfaction through ensuring reasonable
wait times during processing at the lowest cost possible (minimal staff hours).
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Censored semi-Markov chains: modelling, estimation and smmR R
package

Vlad Stefan Barbu
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Romanian Academy, Bucharest, Romania
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This presentation is concerned with parametric estimation of semi-Markov chains in the pres-
ence of several censoring schemes: censoring at the beginning and/or at the end of sample paths,
no censoring, one or several trajectories. We present here the case of general semi-Markov chains,
but also three other particular cases, that can be important from practical point of view, in some
specific applications. The development of the associated R package, smmR, is also presented
https://cran.r-project.org/web/packages/smmR/index.html
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Decoding EU Innovation in 2024: A Data-Driven Perspective Using
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This study investigates the underlying structure of innovation performance in the European
Union using the latest 2024 data from the European Innovation Scoreboard (EIS). Addressing
gaps in prior research, this work combines traditional statistical techniques with modern ma-
chine learning-based feature selection methods to enhance the understanding of key innovation
drivers across countries. Exploratory Factor Analysis (EFA), supported by the Kaiser-Meyer—Olkin
(KMO) measure, Bartlett’s test, and parallel analysis, reveals a robust unidimensional factor struc-
ture, explaining over 60% of the total variance. All indicators load substantially onto a single latent
factor, confirming the internal coherence of the EIS construct. Reliability tests via Cronbach’s
alpha and McDonald’s omega further validate this structure. This research offers an updated,
data-driven perspective on innovation performance in the EU and demonstrates the relevance of
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combining factor analysis with intelligent feature selection to uncover the most informative indi-
cators of innovation across countries.

Keywords: European Innovation Scoreboard, Exploratory Factor Analysis, Reliability, Innova-
tion.

Resilience for environment and resources using optimization models

Valeria Cirlan

Stefan cel Mare” University of Suceava,
National University of Science and Technology Politehnica Bucharest
e-mail: valeria.cirlan@usm.ro

In this paper we present a model for a class of multiobjective control problems which can be
use by logistics. The aim is to find the optimal solution, to carry maximum weight, and stll have
the lower consumtion and lower emissions of carbon. The optimization model take into consider-
ation the control multi-objective as the social, economic and ecological objectives to have triple
benefits. We also present necessary definitions of efficient solution. In order to check optimality,
we investigate restrictions associated to the form of Euler - Lagrange - type equations.

Solving extended informational matrix games in mixed strategies

Hancu Boris, Turcanu Calin

Moldova State University, Chisinau, Republic of Moldova

e-mail: boris.hincu@usm.md, calin.turcanu@usm.md

Consider the game in the strategic form I' = <X,Y,XAYT>. All players know exactly the
payoff matrices A and the sets of mixed strategies. Players maximize their payoffs. Consider also
the following ”informational decision making model”: the player 1 knows exactly the value of the
strategy chosen by the player 2, as well as, simultaneously, the player 2 knows exactly the value
of the strategy chosen by the player 1. For solving such games we will apply the methodologies
described in [1]. So the set of informational extended strategies of the player 1 which are presented

like this r : ¥ — X and for all y € Y, r(y) = Hr”(y)HzS] where 7;;(y) is the probability of
choosing row i by player 1 when it is known that player 2 chooses column j with probability y;.
Corresponding, the set of informational extended strategies of the player which are presented like
this ¢ : X — Y and for all z € X, ¢(z) = ||¢;;(2)| ZEE}] where ¢;;(z) is the probability of choosing
column j by player 2 when it is known that player 1 chooses line ¢ with probability x;. We call
these strategies ” mized informational extended strategies” and denote the sets of these strategies by

R={r:¥ > XVyeYry) = )]} and €= {e: X =Y, va € X,e(w) = |le (@) 2]}
It should be mentioned that the player 2 (corresponding player 1) do not know the informational
extended strategies of the player 1 (corresponding player 2) and from this point of view we can
consider that the game is in imperfect information structure over the sets of the informational
extended strategies of the players. For any fixed strategies profile (r,¢) € R X C' it is constructed

the normal forms, generated by the informational extended strategies. So we obtain the following

bimatrix games I' (r,c) = ( X,Y, > > ai;7i;y5, > > (—ai;j)cijz; ) on the set of informational
jeJiel i€l jeJj
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non extended strategies. Here > ) a;;7;;y; is the average value of the payoff of the player
jeJiel
1 when he knows, with probability r;;, what values of y € Y will be choose by the player 2.
Similarly, > > (—ai;)cijz; is the average value of the payoff of the player 2 when he knows, with
i€l jeJ
probability c;;, what values of z € X will be choose by the player 1.
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Infinite-horizon singular H,, control problem

Oleg Kelis

Department of Mathematics, Technion-Israel Instutute of Tecnology
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We consider an infinite horizon H, control problem for linear systems with disturbances. The
case of a singular weight matrix for the control cost in the cost functional is treated. In such a
case, a part of the control coordinates is singular, meaning that the H., control problem itself
is singular. For solving this problem we associate the original singular problem with a new H,
control problem for the same equation of dynamics. The cost functional in the new problem is the
sum of the original cost functional and an infinite horizon integral of the squares of the singular
control coordinates with a small positive weight. This new H, control problem is regular, and it
is a partial cheap control problem. Based on an asymptotic analysis of this partial cheap control
problem, a controller solving the original singular control problem is designed.

Keywords: H,, Control Problem, Riccati Matrix Algebraic Equation, Asymptotic Design of
Controller

Total Alert Time of the Stochastic Systems with Multiple Final
Sequences of States

Alexandru Lazari
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e-mail: alexan.lazari@gmail.com

The total alert time was defined in [2], for stochastic systems with final critical state of order
m and independent transitions, as the cumulative time during which the system remains in its
critical state throughout its evolution. It was proved that the total alert time can be expressed in
terms of evolution time of the system with the same critical state of order m — 1.
Next, we extend the total alert time for the systems with multiple final sequences of states. A
state is critical at given moment of time if it is part of one final sequence of states and the system
has just consecutively passed through all previous states from that sequence. The total alert time
represents the cumulative time during which the state of the system is critical.
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The methods from [1] reduce the complexity by decreasing the length of the final sequences of
states to 1 and by eliminating the dependency of criticality on time context. The total alert time
can be handled as the visiting time of the set of critical-related states in the new system.

The states, starting from which any critical-related state is not reachable, can be ignored, since
the probability of visiting time, starting from these states, is zero. For the remaining states, the
distribution of the visiting time (split by initial state) can be written as a recurrence of the form
P(n)=@Q-P(n)+ R-P(n—1), where @ is a weakly chained substochastic matrix. According to
[3], this property of matrix @ ensures that the matrix I — @ is invertible and, as consequence, the
distribution of the total alert time is a homogeneous linear recurrence over R. This allows us to
use the existing algorithms for probabilistic characterization of the total alert time.
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First-passage time distributions of a Brownian motion observed after a
random delay

Mario Lefebvre, Ibrahim Touré

Polytechnique Montréal, Canada
e-mail: mlefebvre@polymtl ca, ibrahim. toure@polymtl.ca

Let {W(t),t > 0} be a Brownian motion starting at W(0) = 0, with drift parameter ¢ > 0 and
variance parameter o2. The probability density function (p.d.f.) of the first-passage time

Ty :=inf{t >0: W(t) =d > 0} (1)
is well known to be given by
B d (d— pt)?
de(t) = \/ﬁ exp {20_% for t > 0. (2)

This density function is a particular inverse Gaussian distribution.
Now, suppose that the stochastic process can only be observed after a continuous random time
7, and let T be the time required to record the first visit to the threshold d, so that

T:=7+1Ty (3)

Moreover, if we assume that the random variables 7 and T, are independent, then we can write
that the p.d.f. of T is the convolution product of the p.d.f. of 7 with that of Ty:

o0 = 50) 5 1) = [ l6) e = 9)ds = [ 120 5)# o) @)
p Schwarz (2002) treated the case when 7 has an exponential distribution with parameter \:
fr(t) =Xe ™ fort>0. (5)

In this talk, we will study the case when 7 has an Erlang distribution. Then, we will show how to
approximate the p.d.f. of T" using its moments and orthogonal polynomials
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Nash Equilibria for Stochastic Positional Games with Average and
Discounted Payoffs
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Stochastic games where introduced by Shepley [1], whose original formulation later has been
extended by other for a more large class of problems of game theory. Shapley considered a two-
player zero-sum stochastic game with a discounted payoff criterion and proved the existence of
the value the game. Fink [2] extended the results of Shepley for n-player stochastic games with
discounted payoffs for the players. Gillette [3] introduced limiting average payoffs for stochastic
games with finite state and action spaces for which Mertens and Neyman [4] proved the existence of
so-called e-Nash equilibrium for two-player stochastic games with average payoffs. In general, the
problem of the existence of Nash equilibria for stochastic games with average payoffs is a difficult
problem and until now it remains an open problem. In this presentation we consider a class of
stochastic games with average and discounted payoffs for which Nash equilibria exist in stationary
strategies. In a stochastic positional game the set of states is divided into several disjoint subsets,
where each subset is regarded as a position set for one of the players and each player control
the Markov process only in his position set. We call this class of games stochastic positional
games. We show that for an arbitrary stochastic positional game there exists a Nash equilibrium
in mixed stationary strategies and for a stochastic positional game with discounted payoffs there
exists a Nash equilibrium in pure stationary strategies. Additionally, we show that for a zero-sum
stochastic positional game of two players with average and discounted payoffs there exists a Nash
equilibrium in pure stationary strategies. Some of these results can be found in [5].
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When the coalescence of two graphs is a Konig-Egervary graph?

Eugen Mandrescu
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Holon Institute of Technology, Israel

e-mail: eugen m@hit.ac.il

Let a(G) denote the cardinality of a maximum independent set, while ;(G) be the size of a
maximum matching in the graph G = (V (G),E(G)). If a(G) + u(G) = |V (G)|, then G is a
Konig-Egervdry graph [2], 3] [4].

Let G; and G4 be two vertex-disjoint graphs. The graph (G; + G2)(v, u : x), obtained from G,
and G2 by identifying v € V(G;) and v € V(G2) in a vertex labelled z, is the coalescence of G,
and Go via v and u [I].

The presentation focuses on necessary and/or sufficient conditions for a coalescence of two
graphs to be Konig-Egervary. In addition, we highlight the properties of p-critical and a-critical
vertices within coalescences.
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The graph pebbling problem involves the distribution and movement of indistinguishable peb-
bles on the vertices of a connected graph. A pebbling move consists of removing two pebbles from
a vertex and placing one pebble on an adjacent vertex. A pebble distribution is considered solvable
if it is possible to move at least one pebble to any vertex with a sequence of pebbling moves. A
fundamental question in graph pebbling is to determine the minimum number of pebbles required
to guarantee that any target vertex can be reached by a sequence of pebbling moves, regardless
of the initial pebble distribution. This minimum number is known as the pebbling number of the
graph, denoted by 7(G) [2, 3].
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Variations of the standard pebbling problem have been introduced and studied [I]. One such
variation is k-restricted optimal pebbling, where the limit of at most k pebbles per vertex applies only
to the initial distribution. This paper focuses on the specific case of kK = 2, known as 2-restricted
optimal pebbling denoted by 73 (G). This is an NP-complete problem [4], so we developed a greedy
algorithm that provides an approximate solution.
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New formulas for skewness and kurtosis based dynamic range for gray
level and color images
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The dynamic range of a gray level or a color image plays an important role in analysis and
processing methods. An important method for determining the dynamic range is the one in which
we use statistical measures for the histograms associated with the components of an image.

Let us consider the discrete probability distribution P:

Fort=1,2,....,n

P(z;) = pi (1)
where (z1,....,2,) € (—00,00)" , (p1,.-.-,0n) € [0,1]™ and

sz' =1 (2)
i=1

To calculate the dynamic range we will use the following statistical moments defined for the
distribution P:

w(P) = szwz (3)
5(P):Zpi | — pl (4)

A(P) = Zpi i — pl (zi — ) (5)
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o*(P) = pi(zi — )’ (6)
i=1

n(P) = Zpi (zi — /~L)3 (7)
i=1

w(P) = Zpi lz; — N|3 (8)
i=1

p(P) = Zpi (zi — #)4 (9)

Two of the most important statistical measures derived from the statistical moments defined
above are skewness and kurtosis. Pearson defined the following measures for skewness and kurtosis

M, [51, 6] -

_ r(P)
/{P(P) - 0'4(P) (11)
while Geary defined the following measures for skewness and kurtosis [2], [3]:
_ AP)
Wg( ) - O'Q(P) (].2)
5(P)

w(P) = 2 (1)
(P = 50 (15)
(P) = 50 (16)
o (P) = 5 a7
() = 50 (19)

Next, using the two-point approximation method of a probability distribution similar to that
proposed by Rosenblueth [7] or the three-point approximation method of a probability distribution
similar to that proposed by Gorman [I], we will obtain the dynamic range for gray level or color im-
ages. Thus, if Q2 = {(p1,v1), (p2,v2)} is the distribution obtained by the two-point approximation
or Q3 = {(p1,v1), (o, 1), (p2,v2)} is the distribution obtained by the three-point approximation,
the dynamic range is defined by

A= [’Ul, 112] (19)
where for both @2 and Q3 we assumed that vy > vy.

Finally, using formulas presented above, we will construct transformation functions to improve
the quality of both gray level and color images.
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Data analysis using low-cost air quality sensors for outdoor monitoring
in urban areas

Alin Pohoata!?, Daniel Dunea'?, Greg Lewis?, Alina Popescu?, Cristina Nicolescu®?®

Y Valahia University Targoviste (VUT)
2 VUT,Faculty of Environmental Engineering and Food Science
3 EARTHSENSE, England, UK
4 HEVECO S.R.L., Ploiesti, Romania ® VUT,Institute of Multidisciplinary Research for Science

and Technology
e-mail: alinpohoata@yahoo.com

Urban areas are experiencing increased levels of air pollutants due to various sources, but the
traffic has an important contribution, being present everywhere. Governmental and local author-
ities are using fixed and mobile stations for monitoring the concentrations in multiple locations,
still, their number is not always sufficient to assess these at bigger distances from the monitoring
points. Instrumentation based on reference methods does capture the proper concentrations but
the monitors or sensors are expensive and their maintenance is difficult and costly. Furthermore,
some reference methods do not provide real time measurements. Recently, low cost sensors for
air pollution have gained attention due to their versatility, low operating costs, the possibility to
increase the area with measurements eliminating j93;blindj94; spots or interpolated data with a
degree of uncertainty. These sensors were integrated with satellite information, Al and statistical
algorithms providing a powerful monitoring system with increased reliability. In this matter, the
EARTHSENSE Zephyr®) (https://www.earthsense.co.uk/zephyr) is an award-winning, certi-
fied, indicative ambient air quality monitor that accurately measures harmful gases and particulate
matter in real-time to help identify pollution hotspots at a localized level such as busy road junc-
tions or the impact on sensitive areas (schools, hospitals, kindergartens). Extensive networks can
be easily deployed for city-wide pollution data used to aid the development of smarter and cleaner
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towns and cities. The data provided requires preliminary analysis for correlation with meteorolog-
ical data, spatial data by applying techniques to identify trends and patterns in air quality data,
often using statistical models like ARIMA for forecasting. Time series analysis (TSA) is an impor-
tant tool of statistics providing suitable indicators for time-dependent data including the possibility
of time series forecasting. Some of the commonly used techniques are random moving averages,
random walks, trend models, seasonal exponential smoothing, Boltzmann composite lattice, and
autoregressive parametric models and its variants. In this work, the data analysis comprised the
exploration of the time series recorded by the Zephyr system in the campus of Valahia University,
in Targoviste city using correlation analysis. ARIMA and SARIMA. ARIMA is a parametric model
relating the most recent data value to the previous data values and previous noise gives the best
forecast for future data. SARIMA is an extension to ARIMA, which supports the direct modeling
of the seasonal component of the univariate data series. The results are expected to optimize some
operational features of the system in view of increasing the network capabilities for air quality
monitoring.

Keywords: particulate matter, ozone, meteorological parameters, Time Series Analysis, ARIMA,
SARIMA
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This talk is based on the joint work with Alexander Garthe DZNE (Deutsches Zentrum fiir
Neurodegenerative Erkrankungen, Dresden, Germany), Victor Patrangenaru (Florida State Uni-
versity, USA) and Robert Paige (Missouri S & T, USA). We introduce and develop a projective
shape analysis for the study of cognitive abilities evaluated based on learning behaviour in the
DSNT (Dresden Spatial Navigation Task) virtual navigational experiment ([1]). DSNT adapts
the classical water maze test for humans, and was developed at DZNE (The Research Institute
for Neurodegenerative Diseases from Dresden, Germany). This new mathematical modelling of
the spatial orientation and learning is based on recent concepts in object-oriented data analysis
like extrinsic covariance and extrinsic cross-covariance as well as novel statistical testing methods
for random objects on manifolds ([2]). Additionally, new numerical algorithms will be developed,
studied and finally implemented in an open-source mathematical software like R and will be used
to evaluate our conclusions and to present the data visually.
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Minmax and Maxmin Modified Discrete Uniform Distributions as
Lifetime Distributions in Networks Reliability

Maria Rotaru, Alexei Leahu, Valentina Astafi

Technical University of Moldova

e-mail: alexei.leahu@ati.utm.md

In our paper, two new probability distributions are proposed that model, in particular, the
lifetime of serial-parallel and parallel-serial networks. The corresponding survival/reliability func-
tions, as well as the mortality /hazard intensity functions, are derived.

The problem of finding maximum likelihood estimators for the lifetime parameter of the network
units in question based on uncensored and censored statistical data regarding the lifetime of the
modeled networks is addressed and solved. The results are illustrated by appropriate examples.

Keywords: Uniform distribution, serial-parallel and parallel-serial networks, lifetime distribution,
reliability function, maximum likelihood estimators.

One efficient method for solving the linear multicriteria optimization
model in integers

Tkacenko Alexandra

Department of Mathematics, Moldova State University, A. Mateevici str., 60, Chisindu,
MD-2009, Republic of Moldova

e-mail: alexandratkacenko@gmail.com

Currently, multi-criteria optimization models are in increasing demand. This is due to the fact
that numerous problems in the most diverse practical fields require solutions that are acceptable
from the point of view of several criteria. A wide range of practical optimization problems in
various fields lead to the solution of mult-icriteria linear optimization models [1] in integers. In
this paper we propose one efficient interactive method for solving the next linear multi-criteria
model in integer:

min
max o Fy (z) =30 ek, k=17
x€eD (1)
A-x2<b
xezt
in which: D = {:I: = (21, %2,...,20)" |Az < b,z € Z+}, A = |la;;|| is an array of size m x
n(m <n), C = |cg;l, is an array of size r x n(r <n),  is a n-dimensional column vector

and b is a m -dimensional column vector.

The paper proposes the interactive global utility maximization method [2] for solving the model
(1). According on the utilities assigned by the decision maker, the proposed algorithm generates
sets of efficient solutions for the model, considering all possible combinations of the optimal or
worst values of the criteria in R or in ZT, which maximize the following objective function of
their utility:

FUj = o Fj (X) + 85, j = 1,7 (2)
The efficiency of the method can be appreciated through concrete decision-making situations.
The theoretical justifications of the method, as well as an example solved using this method, are
provided in the full study.
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Robust Estimations and Tests for Moment Condition Models

Aida Toma

Department of Applied Mathematics, Bucharest University of Economic Studies,
Piata Romand no. 6, Bucharest, Romania;
?Gh. Mihoc - C. Iacob” Institute of Mathematical Statistics and Applied Mathematics of the
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We present robust minimum empirical divergence estimators for moment condition models,
based on truncated orthogonality functions and dual form of divergences. The class of these
estimators is indexed by the phi-function corresponding to the used divergence and contains some
known estimators as special cases. The robust exponential tilted estimator can be obtained through
our procedure when using the Kullback-Leibler divergence, also a robust version of the empirical
likelihood estimator is obtained in case of using the modified Kullback-Leibler divergence. For the
class of these estimators we proved robustness properties using the influence function approach,
as well as asymptotic properties including consistency and asymptotic laws. Robust tests based
on estimators of the divergence are also derived. Some examples using Monte Carlo simulations
illustrate the performance of the proposed methods.

How common sense can be misleading in ruin theory

Gheorghit3 Zb3ganu!, Raluca Vernic?, Ana Maria Riducan!

L “Gheorghe Mihoc-Caius Iacob” Institute of Mathematical Statistics and Applied Mathematics of
Romanian Academy, Bucharest, Romania
2 “Owidius” University of Constanta, Romania
e-mail: anaraducan@yahoo.ca, gheorghitazbaganu@yahoo.com

Some graphical representations of ruin probability, computed mainly for Erlang-type claims,
suggest an idea that intuitively seems to be true: if the first claims are small, then the chance
of being ruined is also small. However, for other claims, this does not hold, as is shown by
counterexamples.

Keywords: Ruin probability, nonhomogeneous claims, stochastic order.
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Ulrich bundles on surfaces in the projective space

Cristian Anghel
Joint work with Filip Chindea

“Simion Stoilow” Institute of Mathematics

of Romanian Academy
e-mail: cristian.anghel@imar.ro

The study of Ulrich bundles is a subject of active research in the last years. After a short
introduction to the subject, I will speak about the case of low degree surfaces in the projective
3-space. In particular, we shall explore the posibility to apply the Cayley-Bacharach theorem to
the construction of low rank Ulrich bundles on surfaces of degree 9 < d < 15 in the projective
space.

On the spectrum of conharmonic curvature tensor of six-dimensional
Kahlerian submanifolds in Cayley algebra

Mihail Banaru, Galia Banaru

Smolensk State University, Russia
e-mail: mihail.banaru@yahoo.com

Conharmonic transformations are conformal transformations that preserve the property of har-
monicity of smooth functions. This type of transformations was introduced into consideration by
the Japanese mathematician Y. Ishii [1]. It is known that such transformations have a tensor in-
variant — the so-called conharmonic curvature tensor. Note that complementing of a Riemannian
structure to an almost Hermitian structure allows us to single out some additional conharmonic
invariants [2].

In the present work, we consider the conharmonic curvature tensor of 6-dimensional Kéhlerian
submanifolds in the octave algebra. The Kéahlerian (and in the general case, almost Hermitian)
structure on such submanifolds is induced by the so-called Gray-Brown 3-fold vector cross products
in Cayley algebra [3].

As the main result we mark out the calculation of the so-called spectrum of the conharmonic
curvature tensor for an arbitrary 6-dimensional Kéhlerian submanifold in the octave algebra. By
the concept of the spectrum of a tensor [2], we mean the minimal set of the components on the
space of the associated G-structure that completely determines this tensor.

Theorem. The spectrum of conharmonic curvature tensor of a 6-dimensional Kdhlerian sub-
manifold in Cayley algebra is defined by the following equalities:

Chavea = 0;  Chapea = 0;
1 b a b
Chipea = — 3 (Tgﬁ Ty 64 + T Tiy 60 —Tr Ty bo — T Ty, 53) ;

1
Chapea = — 210 Tyy + 3 (Tg,; Ty, 66+ T3 Th, 5&1) :
Here {T,fj} are the components of the configuration tensor, or of the second fundamental

form of the immersion of a 6-dimensional Kahlerian submanifold into Cayley algebra; ¢ = 7, 8;
a, b,c,d, h=1,2,3;a=a+3;k, j=1, 2,3, 4,5, 6.
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It is clear that the calculated components of the conharmonic curvature tensor allow us to
study the so-called conharmonic analogues of the Grayj92;s identities from [4]. Such analogues
were introduced into consideration by V.F. Kirichenko, A. Rustanov and A. Shihab in [5]. Another
possible application of the obtained results is the further development of the created by A. Cray
and V.F. Kirichenko theory of 6-dimensional almost Hermitian submanifolds in the octave algebra
(see the surveys [6], [7], etc).
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On the curvartures of the Kahler golden manifolds

Cristina Elena Hretcanu

”Stefan cel Mare” University, Suceava, Romania
e-mail: cristina.hretcanu@fia.usv.ro

In this paper we deal with the investigation of the curvature tensors of a Kahler golden manifold.
We study some properties of the sectional curvature of a Kéhler golden manifold and we prove that,
a Kahler golden manifold which has a constant sectional curvature is flat, under certain conditions.
We obtain the form of the Riemannian curvature of a Kahler golden manifold, which has constant ®-
holomorphic sectional curvature and we obtain some relations between ®-holomorphic bi-sectional
curvature and Golden sectional curvature.

Keywords: Almost complex golden structure; Kahler golden manifold; sectional curvature; holo-
morphic sectional curvature
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Some Open Problems in the Theory of Topological Quasigroups and
Groupoids

Liubomir Chiriac, Natalia Josu, Natalia Lupashco

“Ion Creanga” State Pedagogical University of Chisinau, Moldova
e-mail: 11chiriac@gmail.com, nbobeical978@gmail.com, nlupashco@gmail.com

A non-empty set G is said to be a groupoid with respect to a binary operation denoted by {-},
if for every ordered pair (a,b) of elements of G there is a unique element ab € G.
A quasigroup is a binary algebraic structure in which one-sided multiplication is a bijection in that
all equations of the form ax = b and ya = b have unique solutions [1].
A groupoid G is called a primitive groupoid with divisions, if there exist two binary operation
l:GxG— G, r:GxG — G such that l(a,b) -a = b,a-r(a,b) = b for all a,b € G. Thus a
primitive groupoid with divisions is a universal algebra with three binary operations.
A primitive groupoid G with divisions is called a quasigroup if the equations axz = b and ya = b
have unique solutions. In a quasigroup G the divisions [,r are unique. If the multiplication
operation in a quasigroup (G,-) with a topology is continuous, then G is called a semitopoligical
quasigroup. If in a semitopological quasigroup G the divisions [ and r are continuous, then G is
called a topological quasigroup.
A groupoid (G, -) is called:

-medial if xy - 2t = xz -yt for all x,y, z,t € G.

-paramedial if xy -zt =ty - zzx for all x,y,z,t € G.

-AD-groupoid if a - bec = ¢ - ba for all a,b,c € G.

-AG-groupoid if ab-c¢=cb-a for all a,b,c € G.

-Manin groupoid if z(y - ©z) = (zx - y)z for all z,y,2z € G.

-Cote groupoid if x(zy - z) = (z - xza)y for all z,y,z € G.
While if an AG-groupoid (G, -) satisfying the identity a-(b-¢) =b-(a-c) for all a,b, c € G is called

AG** -groupoid.
We define a Ward groupoid as any groupoid (G, -) containing an element e € G such that a? =
a-a=eand (ab)-c=a-(c-(e-b)), for all a,b,c € G. A groupoid (G, -) is called a Schréder Second
Law groupoid if it satisfies the law (ab) - (ba) = a for all a,b € G [6]. The identity (ab) - (ba) = b
for all a,b € G is known as Stein’s Third Law [6]. The concept of (n, m)-identities was introduced
by M.M. Choban and L.L. Chiriac in [2].
We study the problems formulated below.
Problem 1. Let G be an binary groupoid. Under which conditions G with a locally compact
Hausdorff topology can be ”transformed” into a topological quasigroup?
Robert Ellis, in 1957, proved that a group with a locally compact Hausdorff topology making all
translations continuous also has jointly continuous multiplication and continuous inversion, and is
thus a topological group.
We examine a similar problem for quasigroup structure. We extend the theorem of R.Ellis to the
case of AD- groupoids, which satisfies certain conditions.
Quasigroup (G,-) is a T — quasigroup if and only if there exist an abelian group (G, +), its
automorphisms ¢ and v, and a fixed element ¢ € G such that z -y = p(z) + ¥(y) + a for all
z,y € G.
Problem 2. Let @ be a T — quasigroup. Under which conditions the @ is a quasigroup (of its T
- forms (Q(+), ¢, v, a)) satisfying the identities P;, where i = 1,2, ..., k?
The following result has been obtained:
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Theorem 1. Let G be a T — quasigroup. Then G is AG — quasigroup if and only if any for of
its T — forms (Q(+), ¢, ¥) is p*(z) = ¥(z).

Problem 3. Under which conditions the binary topological groupoid with the algebraic properties
Py, P, ..., P, can be ”transformed” into a topological quasigroup with the algebraic properties
Py, Py, ..., Py?

We give some results for Schréder, Stein, medial, AG and AD-topological quasigroups.

Problem 4. Let (G,-) be a topological quasigroup obeying the algebraic properties P;, where
i =1,2,....k, with an (n, m)-identity e. Under which conditions an open compact neighborhood
P, such that e € P, contains an open compact subquasigroup (Q, -) with properties P; and (n, m)-
identity of (G,-).

The following theorems have been proven.

Theorem 2. Let (G,-) be a Ward topological quasigroup with a (2,1)-identity e and x® = e for
every x € G. If P is an open compact neighborhood such that e € P, then P contains an open
compact Ward subquasigroup (Q,-) with a (2,1)-identity of (G,-).

Theorem 3. Let (G,-) be a topological AG**-quasigroup with an (1,2)-identity e and x> = e for
every x € G. If P is an open compact neighborhood such that e € P, then P contains an open
compact AG**-subquasigroup (Q,-) with an (1,2)-identity of (G, ).

In the context of topological groups an analogous result appears in the work of Pontrjagin ([7],
Theorem 16).
Problem 5. Let (G,+,7) be a commutative topological group. Under which conditions on the
set G X G can be defined the binary operation (o) such that, (G x G, o, 7¢), relative to the product
topology 7¢, is a nonassociative topological quasigroups obeying certain laws?
We give a new method of constructing non-associative topological quasigroups obeying certain laws:
medial, semimedial, paramedial, bicommutative, Manin, Cote and GA non-associative topological
quasigroup.
The results established here are related to the work in ([3,4,5]).
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On a prolongation of quasigroups using two transversals

Elena Cuznetov, Parascovia Syrbu
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A groupoid (Q,-) is called a quasigroup if, for every a,b € @, the equations a - z = b and
y - @ = b have unique solutions in . The recursive derivative of order k of a quasigroup (Q,-),
denoted by (k), where k is a natural number, is defined as follows: z 0 y=x-y, T ! y=y-(z-y),

iy=@"y) @y k> 2 vy € Q.

A quasigroup (Q, -) is called recursively r -differentiable if its recursive derivatives of order k are
quasigroup operations, for all k =1,...,r.

A prolongation of a finite quasigroup is a process of extending the quasigroup by adding one or more
new elements and redefining the operation to obtain a new quasigroup of higher order. The notion
of prolongation was introduced by Belousov in 1967, although the construction of quasigroups
prolongations was first studied by Bruck in 1944, who considered finite idempotent quasigroups
for this purpose [1]. Later, some other methods of quasigroups prolongations have been proposed
and studied, many of which use transversals [2-5].

A transversal of a Latin square of order ¢ is a set of g cells taken by one from each row and each
column, in which the elements are pairwise different. In finite quasigroups the transversals are
defined by complete mappings. A free transversal of a Latin square L of order ¢ is a set of ¢ cells
taken by one from each row and each column of L.

We propose a method of quasigroups prolongation using two transversals that intersect exactly
in one cell, and study the recursive 1-differentiability of such prolongations in the present work.
Remark that there does not exist Latin squares of order 3 with 2 transversals that intersect exactly
in one cell.

Proposition 1. A Latin square of order 4 has exactly 2/ free transversals. Moreover, there are
96 pairs of free transversals that intersect exactly in one cell.

Theorem 1. There exist exactly 48 different Latin squares of order 5 with two transversals in-
tersecting exactly in one cell, where one transversal is on the main diagonal with a fixed order of
elements. No recursively 1-differentiable prolongation exists for quasigroups of order 5 constructed
using the main diagonal with one of the fixed order of elements {1,2,3,4,5} or {2,3,4,5,1}, and
any other transversal that intersect it exactly in one cell.
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On Manifolds with Fundamental Group Generated by Hyperbolic
Translations
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A method of construction of countable series of three-dimensional polyhedra that decompose
normally and regularly the hyperbolic space is proposed. Hyperbolic 3-manifolds with totally
geodesic boundaries are constructed by identifying pairs of hyperfaces only by hyperbolic trans-
lations. These hyperbolic manifolds have as their boundaries Riemannian surfaces with maximal
symmetry groups. The orders of the simmetry groups of these manifolds are multiples of the
surfaces genus. This research continues the results published in [1-3].
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Geometrical Description of the Orbital Types in the Hydrogen Atom
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Considering the quantum atomic model for hydrogen and relying on some concepts of differential
geometry, we calculate the curvature of some types of atomic orbitals. Taking into account this
concept of intrinsic curvature [1], a classification of atomic orbitals from a geometric point of view
is given. We discuss the implications of characterizing atomic quantum states [2] by the geometric
curvatures of the guide curves for these atomic orbitals.

Keywords: Hydrogen; atomic quantum physics; differential geometry; superposition of atomic
orbitals; NIST
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On n-ary T—quasigroups with a prescribed maximum number of
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Let (@, A) be an n-quasigroup and o € S,,11. The operation ? A, defined by the equivalence:
A1, 22,. .., %) = Tny1 © “A(T6(1), To(2) - - Ta(n)) = To(n+t1), 18 called a parastrophe of (Q, A).
In this case the set H = {0 € Sp4+1|7A = A} is a subgroup of S, 1. Moreover, the maximum
number of distinct parastrophes of (Q, A) is equal to |S, 1 : H|. Binary finite quasigoups with a
given number of distinct parastrophes were studied by C.C. Lindner and D. Steadly [1]. In the
ternary case this problem was completely solved for 1,3,4,6,12 and 24 distinct parastrophes by
M. McLeish [2]. The spectrum of finite ternary quasigroups with exactly 2 or exactly 8 distinct
parastrophes is only partially known.
4-Ary quasigroups with a prescribed maximum number of distinct parastrophes and their spec-
trum are studied in the present work. In particular, we prove that there does not exist 4-ary
T-quasigroups (@, A) having exactly: 1. s distinct parastrophes, where s = 2,3,4,6,8,12,15;
2. 10 distinct parastrophes where {o € S5|74 = A} = A,; 3. 20 distinct parastrophes where
{o € S5|’A = A} = Zs. Characterizations of 4-ary T-quasigroups with exactly 5 or exactly 10
distinct parastrophes are announced in [3,4]. With give necessary and sufficient conditions when
a 4-ary T-quasigroup has exactly 20 distinct parastrophes and estimations of their spectrum.

Theorem 1. 4-ary T-quasigroup (Q, A) with the T-group (Q,+), has exactly 20 distinct paras-
trophes if and only if there exist a, f € Aut(Q,+) and an element ¢ € Q, such that o # 5, #
I,8 # I, where I(x) = —x,Vz € Q, and the operation A(x1,x2,x3,24) has one of the follow-
ing forms: axry + ars + axs + fry + ¢, axy + axs + frz + axy + ¢, ary + frs + axs + ary + ¢,
Bri+axotarstaxstc, [v1+1ro+axs+Brs+tc, [v1+axs+Ixs+Prs+c, [v1+axs+Brs+Irs+c,
axy + Ixg + Txs + Bxy + ¢, axy + [xg + Baxs + x4 + ¢, axy + Bao + T3 + Tz + c.

Corollary 1. There exist linear 4-ary T-quasigroups with exactly 20 distinct parastrophes of every
order ¢ > 5,q # 6.
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In this paper we present some interesting problems and theorems from classical geometry in
hyperbolic context. For these results we give interpretations from relativistic physics.
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Let « be an irrational number, § a real number, and a1, ..., as a set of distinct positive integers
that do not form a reduced residue system modulo p? for any prime p. In this work, we establish
that there are infinitely many prime numbers p that satisfy the condition ||ap® + g|| < p~129/13%0
and ensure that all the numbers p + aq,...,p + a5 are square-free.
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The field of Diophantine equations is ancient, vast, and no general method exists to decide
whether a given Diophantine equation has solutions, or how many solutions. In most cases, we are
reduced to study individual equations, rather than classes of or many solutions. In the theory of
Diophantine equations, is well known the equation a® 4 ¥ = 22. The literature contains a very
large number of articles on such equations [1,2,3,4,5].

In this paper, we solution the equations 7% 4 15Y = 22 and 13% + 12¥ = 22, where z, y, z are non
- negative integer numbers.
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Theorem 1. The Diophantine equation 7% + 15Y = 22 has exactly three non-negative integer
solutions (z,y,z) € {(0,1,4),(2,1,8),(4,3,76)}.

Theorem 2. The Diophantine equation 13% + 12Y = 22 has exactly three non-negative integer

solutions (z,y,z) € {(1,1,5),(2,5,499), (3,1,47)}.
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Two operations on the class of subcategories of some categories are defined and conditions are
indicated when these operations are commutative.
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This paper examines semireflexive subcategories with respect to a class of bimorphisms. The pa-
per investigates the B-semireflexive subcategories in the category C2V of locally convex topological
vector spaces, with respect to a given class of bimorphisms [1,2]. The study begins with the known
characterizations of semireflexive spaces and extends them in the categorical context by introduc-
ing the notions of semireflexive product and its dual. Reflective and coreflective subcategories are
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examined through the lens of morphism classes R and p/C, establishing a bijective correspondence
between certain reflective and coreflective structures. Several theorems are presented that char-
acterize the situations when a subcategory is (¢£)-semireflexive, along with examples including
locally complete spaces, inductively semireflexive spaces, B-inductively semireflexive spaces, and
p-semireflexive spaces. The results provide categorical descriptions and structural properties of
these subcategories, highlighting their interrelations and the role of semireflexive products in their
classification.
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Evaluating the Performance of SVD and KNN Algorithms in
Recommender Systems
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Recommender systems (RS) are an important application of machine learning (ML) that aims
to predict user preferences and offer personalized content. This paper proposes a comparative study
between Singular Value Decomposition (SVD) and K-Nearest Neighbors (KNN) algorithms based
on RS, exploring how each model (matrix factorization approach vs neighborhood-based method)
processes user-item interaction, presenting the mathematical tools necessary for constructing their
structure, analyzing their performance and evaluating their accuracy metrics. The SVD tech-
nique is based on latent factor analysis to capture hidden patterns in item-user interaction, while
KNN relies on similarity metrics to recommend items based on user or item neighborhoods. The
main goal of this research is to investigate how SVD and KNN can be optimized to get the best
recommendation results, based on metrics such as RMSE, MAE, precision and recall.

Keywords: recommender systems, singular value decomposition, factorization, KNN algorithm,
networking
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New Mathematical Frontiers in Post-Quantum Cryptography:
Research Challenges and Applications
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Post-quantum cryptography (PQC) seeks cryptographic primitives secure against adversaries
equipped with large-scale quantum computers. This talk outlines the mathematical foundations
of major PQC families (lattice-based, code-based, multivariate, and isogeny-based schemes) and
the algebraic, geometric and number-theoretic structures underlying their conjectured hardness
[1L 5]. We highlight recent advances in the analysis of lattice reduction, decoding in structured
codes and algebraic system solving, together with their implications for the security margins of
standardized and emerging protocols [4, 2]. Open problems of particular interest include the
complexity of ideal-lattice problems in quantum models, the search for subexponential attacks on
multivariate systems and the design of novel hard problems inspired by isogeny graphs [3]. The
presentation bridges theoretical mathematics and applied cryptographic engineering, aiming to
foster collaboration between pure and applied mathematicians in addressing the urgent challenge
of securing information in the quantum era.

Keywords: post-quantum cryptography, lattice problems, code-based cryptography, multivariate
systems, isogeny graphs, algorithmic complexity, quantum security.
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This paper presents an innovative approach to preserving and revitalizing Bessarabian idiomatic
expressions through the application of Artificial Intelligence (AI) technologies. Recognizing the cul-
tural and linguistic value of these expressions, many of which risk fading into obscurity, we aim to
digitally transform a curated collection of 100 idioms by generating vivid representations of both
their literal and figurative meanings. Additionally, we analyze the performance of large language
models (LLMs) in interpreting these idioms, comparing their ability to capture literal and figurative
meanings to ensure accurate multilingual understanding. For this purpose, our team [I] researched
the comparative evaluation of five leading Al-powered image generation platforms—Google Gem-
ini, ChatGPT Plus (DALL-E), NightCafe, CGDream, and OpenArt.ai—focusing on image
quality, generation speed, pricing models, and prompt interpretation accuracy. The analysis re-
veals that Google Gemini excels in speed and accessibility, while ChatGPT Plus offers high-quality
images with strong prompt understanding. NightCafe provides a fast and flexible user experi-
ence through its hybrid credit system. However, CGDream struggles significantly with prompt
relevance, often producing unrelated images. OpenArt.ai is known for its stylistic versatility and
customization features, although it has minor limitations in visual consistency and file handling.
The study underscores the importance of aligning the selection of the platform with the specific
needs and requirements of the user to ensure optimal results. Using generative AI models, such
as ChatGPT Plus, (see Figure [1)), we produce vivid visual representations for each expression,
while DeepSeek and ChatGPT LLMs aid in multilingual interpretation and context analysis. The
figure presents three examples of Bessarabian idiomatic expressions interpreted by ChatGPT and
DeepSeek LLM. Both models correctly identified the literal meanings of the expressions. How-
ever, when it comes to the figurative meanings, ChatGPT provided accurate interpretations of
all three idioms, while DeepSeek LLM was only correct in one case (the third expression).

This highlights a notable difference in the models’ ability to handle culturally nuanced language,
with ChatGPT demonstrating a superior understanding of the idiomatic context. As future work,
we plan to integrate the collected and annotated idiomatic expressions into a structured Wikibase
knowledge graph. In addition, these linguistic assets will be incorporated into an interactive
AR-based mobile application aimed at educational and cultural engagement. Through immersive
visualizations and voice-driven interactions, users will be able to explore idioms in both literal and
figurative forms, promoting deeper linguistic comprehension and appreciation of regional heritage.
This initiative not only supports the digital preservation of intangible cultural heritage but also
showcases the potential of combining AI and AR technologies in modern language learning and
cultural storytelling.

Acknowledgement. This research has been partially supported by COST Action UniDive, CA21167
"Universality, Diversity and Idiosyncrasy in Language Technology’, as well as by the project
25.80012.5007.79SE ’Expressing Cultural Identity through the Digital Transformation of Native
Idiomatic Expressions Using AR and AI Technologies, with Implementation in Education’.
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Ro: A fi cu musca pe caciuld I Ro: A cilca pe bec | Ro: A da perle la porci
& LM: To have a fly on one’s hat LM: To step on the light bulb @ M:Togive pearls to pigs
FM: To have one’s head in the clouds FM: To blow a fuse FM: To cast pearls before swine

@ FM: To have a guilty conscience @ FM: To mess up/To get into trouble @ FM: To cast pearls before swine

Figure 1. Examples of Bessarabian idiomatic expressions interpreted by ChatGPT and DeepSeek
LLM

Bibliography

[1] COLESNICOVA, V.; FRON, A.; CAGANOVSCHI D. Comparative Evaluation Of AI-
Powered Image Generation Platforms. International Conference Mathematics and Information
Technologies: Research and Education. MITRE-2025, Chisinau, pp.83-84.



8. Education






Education 113

Theoretical foundations of applied mathematics in drone
communications

Corina Adam!, Dorin Afanas?, Arina Brigalda®®

7Ton Creangd” State Pedagogical University from Chisinau, Republic of Moldova
2 Military College of the Armed Forces ” Alexandru cel Bun”, Republic of Moldova
e-mail: cpaireli23@gmail.com, afanasdde@gmail.com, arinabrigalda@gmail.com
“ORCID: https://orcid.org/0000-0001-7758-943X
*ORCID: https://orcid.org/0009-0000-2600-2360

This paper examines the theoretical mathematical foundations underpinning modern drone
communication systems. It discusses key mathematical models that describe signal propagation,
interference, and attenuation in dynamic aerial environments. Linear algebra is applied to matrix-
based channel modeling and multi-signal processing in space-time domains. Probability theory and
stochastic processes are explored as essential tools for modeling noise and random variables affecting
data transmission. Fourier and Laplace transforms are presented as fundamental instruments in
spectral analysis, facilitating the decomposition of signals and effective noise mitigation. The
study also incorporates core concepts from Shannon’s information theory, including entropy, source
coding, and channel coding, which contribute to enhancing communication efficiency and reliability.
The article underscores the integral relationship between mathematical theory and the performance
of drone-based communication systems, providing a comprehensive and applicable framework for
further research and development in the field.

Keywords: drone communications, linear algebra, stochastic processes, transforms, information
theory, signal analysis.
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The paper aims to rigorously substantiate the essential concepts of plane geometry, providing
a coherent theoretical framework for the study of geometric figures, with an emphasis on convex
quadrilaterals. In the first part, the basic notions of plane geometry are presented — points,
lines, angles, distances — as well as the classification and fundamental properties of triangles and
quadrilaterals. The emphasis is on the precise definition of convex figures and their characteristic
metric relations. In the second part of the paper, convex quadrilaterals are analyzed in detail from
a metric perspective, using geometric, trigonometric and analytical methods. The importance
of these figures in the construction and demonstration of fundamental theorems of geometry, as
well as in educational and technical-scientific applications, is highlighted. The results obtained
confirm that the study of convex quadrilaterals, in the context of plane geometry, contributes to
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the development of a deep understanding of spatial relations and metric properties, constituting a
solid basis for advanced approaches in the field of applied mathematics and geometric education.

Keywords: plane geometry, convex figures, quadrilaterals, metric relations, fundamental theo-
rems, mathematical education.
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At the present stage, the applied orientation of education in higher institutions is becoming
increasingly relevant. The article [1] demonstrates that one of the key motivating factors for study-
ing higher mathematics is the ability to connect mathematical concepts with future professional
activities. The main directions for implementing the applied orientation of mathematical training
for engineering students in technical universities are outlined, including: - taking into account the
specifics of education in a technical university; - demonstrating the application of mathematical
knowledge in engineering practice during every class; - illustrating the necessity of mathematical
tools in studying general technical and specialized subjects through interdisciplinary connections
and applied tasks. A comprehensive classification of mathematical problems has been proposed,
distinguishing several key types: preparatory, reinforcement, training, exploratory, creative, and
assessment tasks. Each type plays a distinct role in the learning process and contributes to the
development of different mathematical competencies among engineering students. The article
provides a detailed analysis of the purpose and pedagogical function of each category within the
context of teaching mathematics at a technical university. For instance, preparatory tasks help stu-
dents recall prior knowledge and build readiness for new material; reinforcement and training tasks
consolidate understanding through repetition and application; exploratory and creative problems
encourage independent thinking, innovation, and problem-solving skills; while assessment tasks
are used to evaluate students’ mastery of the material. Furthermore, the study clearly outlines
the criteria and pedagogical requirements for applied mathematical problems, emphasizing their
relevance, clarity, and alignment with professional engineering contexts. However, several barriers
to the effective use of applied problems during classroom sessions are identified. These include
limitations in available instructional time, a lack of adequately developed problem sets that align
with both mathematical content and engineering applications, as well as insufficient methodological
support for instructors aiming to implement such tasks effectively.

Keywords: higher mathematics, engineering and technical specialties, applied orientation, applied
problems
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Over the past decade, the use of digital textbooks in mathematics education has shown a grow-
ing trend, influenced by technological advancements, increasing access to digital resources, and
the need to adapt education to the demands of the information society. However, the specialized
literature reveals both significant benefits and challenges that have limited the impact of these
resources on student performance. The objective of this article was to conduct a systematic syn-
thesis of findings from 30 studies published between 2014 and 2024 that investigated the use of
digital instructional support materials in mathematics education at primary, secondary, and ter-
tiary levels.

The methodology involved selecting studies based on rigorous criteria of relevance, methodological
quality, and geographic coverage, followed by data coding and classification into six major themes:
(1) impact on student performance; (2) the teacher’s role in mediating digital learning; (3) access
and technological infrastructure; (4) quality and interactivity of content; (5) inclusion and student
collaboration; (6) sustainability and updating of digital resources. Results were synthesized into a
consensus-divergence matrix highlighting areas of agreement as well as controversial aspects.

The analysis revealed broad consensus on the potential of digital textbooks to increase student
engagement, stimulate critical thinking, and facilitate personalized learning, yielding positive ef-
fects on academic performance in contexts with adequate logistical and pedagogical support. At
the same time, significant divergences were identified concern212ing the effectiveness of these tools
in the absence of sufficient infrastructure, ongoing teacher training, and adaptation of content to
diverse learner needs. It was also observed that digital textbooks with low interactivity tend to be
less used and have limited impact, similar to printed versions in digital format.

The conclusions indicate that fully harnessing the pedagogical potential of digital textbooks in
mathematics requires an integrated approach combining investment in infrastructure, develop-
ment of high-quality interactive resources, and continuous professional development for teachers.
The study provides an overview of areas of consensus and divergence identified in recent litera-
ture, potentially serving as a starting point for policymakers, curriculum designers, and researchers
interested in the digitalization of mathematics education.

Acknowledgement. The study was conducted within the research project Innovation in the design
and exploitation of interactive digital mathematics textbooks for lower secondary education”, code:
25.80012.0807.425E
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In recent years, autonomous aerial systems—particularly drones and UAV (Unmanned Aerial
Vehicle) formations—have become essential components in various fields such as smart logistics,
aerial surveillance, emergency communications, and environmental monitoring. In this context, ef-
fective communication and autonomous coordination among aerial entities require the development
of rigorous theoretical models capable of capturing the dynamic behavior and spatial distribution
of these systems.

This paper proposes an innovative conceptual framework called Aerial Algebra, which aims to pro-
vide a mathematical foundation for the interactions between drones within distributed autonomous
networks. This framework is built upon abstract algebraic structures, including monoids, groups,
and vector spaces, as well as elements from graph theory, topology, formal logic, and information
theory. Its primary goal is to construct a formal language that describes and predicts the collec-
tive behaviors of drones, with a focus on communication processes, reconfiguration, and distributed
decision-making.

The aerial algebra model allows each drone to be represented as an autonomous agent operating
within a formal structure defined by a set of compatible operations. These operations include
information exchange, synchronization of flight paths, real-time adaptation to obstacles or topo-
logical changes, and dynamic redistribution of roles within the network. The resulting structures
are dynamic, adaptable, and offer an elegant description of the complexity found in distributed
systems.

The applied section of this study includes several case studies, such as:

e autonomous aerial patrol for sensitive perimeters;

e mathematical modeling of drone swarms using linear and parabolic functions, with alge-
braically generated trajectories;

e variables and loops for path optimization;

e encryption and secured communication via algebraic codes specifically designed for tactical
or critical scenarifanasos.

An additional dimension explored is the educational potential of the proposed framework. The
study demonstrates the value of integrating aerial algebra into STEAM education, as a pedagog-
ical tool to support the development of modeling, programming, and algorithmic thinking skills.
Suggested educational activities, such as simulating flights on mathematically defined trajectories
or collaborative drone programming, offer an effective framework for learning applied mathematics
in real-world contexts.

The conclusions emphasize that aerial algebra provides a solid foundation for the future devel-
opment of autonomous aerial communication networks, with applicability in academic research,
industry, defense, and education. By combining mathematical formalism with the practical require-
ments of autonomous aerial control, new interdisciplinary research directions and technological
innovation opportunities are opened.

Keywords: Aerial algebra, autonomous systems, aerial communication, drone networks, mathe-
matical modeling, STEAM education.
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This article briefly describes the Gaokao exam, which is used for college admissions in China,
using some examples from the math test. Next, we compare the Gaokao (syllabus and subjects)
with the Romanian entrance exams for math/computer science or technical colleges.
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The development of mathematical modelling competence is a subject of study in modern edu-
cational research. The analysed studies reflect that the issue of developing mathematical modelling
skills needs to be studied both theoretically and practically. A review of two decades of research
within the International Community of Teachers of Mathematical Modelling and Applications com-
munity, highlighting how teacher education programs can foster modelling competence through
teaching-learning labs, technology integration, and pedagogical content knowledge. A technology-
supported learning environment can enhance modelling competencies in in-service teachers [1]. It
is important to support prospective teachers in developing modelling-specific task competencies
through structured teaching labs and reflective practice. In [2] a validated test instrument for as-
sessing modelling competence in teachers is presented. It also discusses international perspectives
in shaping global standards for modelling education.

The key challenges in implementing modelling techniques are: conceptual and didactic complex-
ity; curriculum constraints; lack of teacher preparation and confidence; assessment misalignment;
student readiness and resistance; resource and time limitations etc.

We can mention some strategies to overcome these challenges: collaborative resource creation -
shared repositories of modelling tasks, annotated examples, and visual aids; professional develop-
ment - focused workshops, modelling labs, and peer mentoring; curriculum design - embedding
modelling tasks into units with scaffolding and interdisciplinary links; assessment reform - rubrics
that value process, reasoning, and adaptability; student scaffolding - gradual introduction to mod-
elling phases with guided inquiry.

What does “competence in modelling” involve? A definition must cover conceptual understand-
ing; pedagogical strategies; technological fluency; reflective practice. We must highlight that this
competence has a social aspect and have impact on students’ values and attitudes.

Developing competence in mathematical modelling is not just important for math teachers, it’s
transformative, because it: bridges theory and reality; fosters critical thinking and creativity; sup-
ports interdisciplinary learning; enhances curriculum design and assessment; empowers students
for the future.

Acknowledgement. This work was supported by the National Agency for Research and Develop-
ment of the Republic of Moldova under project number 25.80012.0807.66SE Ensuring continuity in
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A problem with 4 non-coplanar points solved in Maple
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In this paper, we propose the use of the Maple environment to solve an analytical geometry
problem starting from 4 non-coplanar points in three-dimensional Euclidean space. The classical
solution for most of the requirements of the problem involves applying the same formula several
times, thus wasting a lot of time. For this reason, we propose an example of automatic solution of
the proposed requirements, using the Maple environment.
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Analysis of the disinformation phenomenon in the Republic of Moldova
from a social and technological perspective
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The proposed research is driven by the current situation in the Republic of Moldova. Media
and Information Literacy (MIL) is a relatively recent field, and the development of competencies
in this area is becoming increasingly important, driven by the growing flow of information, which
is also on the rise. The pandemic, the war in Ukraine, and parliamentary elections are just a
few well-founded reasons for fostering critical thinking and resilience to disinformation among
citizens. The low level of media and information literacy poses a threat to democratic principles
and represents an increased risk to national security. The article emphasizes the impact of Al in
detecting disinformation.

Keywords: disinformation, malinformation, misinformation, fake news, deepfake, social net-
works, mass media, social media, media and information literacy.
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Mathematics — a key foundation for developing programming
competence

Angela Globa, Ala Gasnas
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The article demonstrates the importance of mathematical competence in the development of
digital skills, particularly programming competence. It presents arguments regarding the use of
mathematics in writing program code through the application of dynamic programming techniques.
The analysis of a competition problem is proposed from the perspective of mathematics and dy-
namic programming. The article underscores the necessity of integrated STEM education, arguing
that programming performance is unattainable without a strong foundation in mathematics.

Keywords: mathematical competence and competence in science, technology, engineering, digital
competence, programming competence, programming techniques, dynamic programming, algorith-
mic complexity.
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Angle trisection is one of the most well-known classical problems of Euclidean geometry, with
origins in ancient Greece, related to the challenge of dividing an arbitrary angle into three equal
parts using only a straightedge and compass. Although the impossibility of this construction
in general form was rigorously demonstrated in the 19th century, there are alternative methods,
based on additional tools and concepts, that allow its realization. This article presents three
notable procedures: Archimedes’ method, Diirer’s method, and Finsler’s method, highlighting their
geometric and historical principles. The GeoGebra application is used to carry out the step-by-step
constructions and to verify the correctness of the proposed solutions. The paper aims to provide an
integrated perspective, combining the theoretical approach with interactive applications, in order
to highlight both the beauty and the limits of the angle trisection problem.
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The digitalization of education requires the continuous adaptation of teaching strategies and
the effective use of modern technological resources in the teaching-learning process. This article
analyzes the potential of the ”Interactive Education” extension as a support tool in the design
and implementation of interactive worksheets, with direct applicability in teaching activities. The
main functionalities of the platform are presented, along with the process of creating worksheets
and the advantages of using them in educational contexts.

Keywords: Interactive Education, Interactive Worksheets, Digital Instructional Design, Interac-
tive Teaching Activities, Digital Educational Resources.

Acknowledgement. Study conducted within the scientific research project ”Methodology of ICT
implementation in the process of studying real sciences from the perspective of the STEAM concept
and Artificial Intelligence”, code 040101, within the Institutional Research Program (2024-2027),

approved by Ministry of Education and Research of the Republic of Moldova, Order No. 102 of
01.02.2024.

Bibliography

[1] Educatie Online, https://educatieonline.md/About. Data accesarii: 10 august 2025.

[2] Curriculum national la disciplina Informatics, Clasele VII-IX, Chisindu 2019. Data accesarii:
10 august 2025. Disponibil la: https://short-link.me/1brBt.

[3] GREMALSCHI, Anatol, GREMALSCHI, Ludmila. Informaticd: Manual pentru clasa a 8-a.
Stiinta, 2019. 116 p. ISBN 978-9975-85-155-8.

Comparative Analysis of the Results of the Study of Programming
Languages by Future Computer Scientists

Maria Pavel!, Dorin Pavel?

! Department of Informatics and Information Technologies, “Ion Creangd” State Pedagogical
University of Chisinau, Republic of Moldova
2{Department of Informatics, Moldova State University
e-mail: pavel.maria@upsc.md, dorin.pavel
'ORCID: https://orcid.org/0000-0003-4803-6398
20RCID: https://orcid.org/0000-0002-9600-1360

It is known that young computer scientists prefer modern, minimalist high-level programming
languages, such as Python, which allow for fast and easy code writing. In the paper, the results
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of studying this language by computer science students were analyzed, compared to the results
obtained when studying the classic C programming language, the differences between the means
of these results were identified, and the statistical significance of the difference in means was
identified. It was found that the students’ predilection for one programming language or another
does not significantly influence the results obtained in its study, but rather depends on many
other significant factors, such as algorithmic thinking, individual work skills, continuous practice,
etc. Despite studies demonstrating the popularity and demand on the labor market, the students’
preference for the Python programming language, however, the results obtained by students of the
Computer Science specialty within the FMTI of UPSC do not differ significantly.

Keywords: higher education, curriculum, Computer Science study program, C programming
language, Python programming language, statistical analysis.
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The multitude of scientific researches in the field of implementing information and communi-
cation technologies in the teaching-learning-evaluation process have inevitably contributed to the
conceptualization of digital education, in a digital environment, which contributes to the formation
of digital competencies, both of teachers and students, and, finally, to the conceptualization of dig-
ital pedagogy. Scientists from all over the world have studied the scientific foundations of digital
pedagogy, its status within classical pedagogy, learning theories and teaching-evaluation methods
in the context of digital pedagogy, contributing by defining this concept from various perspectives
and its multidimensional modeling. Thus, the term ”digital pedagogy” was first mentioned in
the United States of America, Canada and Europe, in the context of the integration of digital
technologies in education, and researchers such as: Croxall B., Harris K. D., Beerens K., Harasim
L., Keeton L., Fyfe P., Kivunja, Vaataja J. O., Ruokamo H., Stommel J., Gudova, M.J., Golubin-
skaia A. V., Demareva V. A., Solovova N. V., Istrate O., Ceobanu C., Cucos C., Panisoara 1.-O.,
Gremalschi A. etc. contributed to its conceptualization. The researchers’ predilection for digital
pedagogy is supported by a series of specialized studies (” Conceptualizing dimensions and a model
for digital pedagogy”, "Decoding Digital Pedagogy, (Un)Mapping the Terrain”, ”Digital Peda-
gogy: Definition and conceptual area”, etc.), scientific journals ("Hybrid Pedagogy: the journal of
critical digital pedagogy”, "Revista de Pedagogie Digitala, ISSN 3008 — 2013”, ”Digital Pedagogy
Cookbook”) and dedicated scientific conferences (”A Digital Pedagogy Unconference”, ”Digital
Pedagogy: from didactics to instructional design”), university courses, textbooks and course ma-
terials (”Digital Pedagogy”). The paper makes an inroad into the aforementioned studies with the
aim of conceptually delimiting ”digital pedagogy”, identifying the dimensions and modeling their
interrelationships.

Keywords: digital pedagogy, digital education, digital skills, digital environment, conceptual
model.
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Principles of bilingual instruction in mathematics for engineering
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The subject of this research is the educational process of training engineers at a technical uni-
versity within a bilingual framework, where professional disciplines are taught in a foreign language
(English). The study focuses on both general didactic and specific principles of bilingual instruc-
tion in higher mathematics (disciplines of the mathematical cycle). Among the general didactic
principles of the modern learner-centered philosophy of education that are relevant to bilingual
mathematics instruction, the following are highlighted: the activity-based nature of learning, ac-
tive interaction among all participants in the educational process, the problem-oriented character
of instruction, learner-centered approaches, productivity of learning activities, professional orien-
tation of education, multiculturalism, and humanistic development within the context of cultural
dialogue. Taking into account the specifics of teaching mathematics bilingually at a technical
university, a set of particular principles is identified: orientation toward achieving the goal of mas-
tering mathematics (as a non-linguistic discipline); the use of both native and foreign languages as
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tools of learning; the unity of thinking and speech activity in a foreign language; reliance on both
native and foreign languages; rational limitation of communicative sufficiency; interdisciplinary
connections and interdependence of different components within the system of engineering train-
ing; optimization of the learning process; gradual qualitative complication of educational content;
reliance on prior school-level mathematical knowledge; and the development of motivation to ac-
quire the ability and readiness to use a foreign language for professional purposes. The proposed
principles of bilingual mathematics instruction at a technical university outline ways of applying
the patterns observed in bilingual teaching and learning in accordance with the overarching strate-
gic objective — namely, the development of bilingual subject competence in mathematics among
future engineers.

Keywords: foreign language education, bilingual education, model of bilingual teaching/learning,
didactic principles, subject-oriented didactic models.
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This paper presents a combined course and laboratory framework for teaching homogenization
theory to undergraduate and graduate students. Homogenization is a branch of applied mathemat-
ics that studies the effective behavior of heterogeneous materials with rapidly oscillating properties.
While the theory is abstract and often considered difficult for students, it can be introduced in
an accessible manner through the special case of layered media. We propose a pedagogical strat-
egy integrating rigorous lectures (definitions, lemmas, theorems, proofs) with laboratory activities
(worked examples, numerical simulations, and student projects). The case study shows how ab-
stract mathematical concepts can be transformed into a hands-on learning experience.
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Communication between a user and a generative model resembles a dialogue between people.
The more precisely the interlocutors express their thoughts, the easier it is for them to understand
each other. Prompt engineering, however, remains a critical factor that has not been sufficiently
explored in this context. This article details the structural components of effective prompts and
demonstrates through examples the application of these elements in practical scenarios in an edu-
cational context. By integrating prompt engineering and applied linguistics, the research paves the
way for the responsible and efficient use of LLMs, transforming theoretical potential into robust
practical applications.
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‘Workshop description
The workshop proposes a productive session with the participants, on two educational applications
developed for Higher Education, which will be presented and analyzed from the perspective of
Digital Pedagogy.
The workshop involves four stages, which are connected to the objectives (further presented):

1 An interactive presentation of the concept of Digital Pedagogy and some of its defining
characteristics —O1;

2 Exemplification of a learning activity carried out with the help of the two applications: 'RM
Digital’ (Digital Strength of Materials - which includes PDF visualization, audio playback,
and interactive animations for asynchronous learning) and 'OM AR’ (Machine Parts Aug-

mented Reality - that utilizes augmented reality for exploring 3D models in physical space -
02;

3 Generating and supporting an interactive debate - based on a SWOT analysis, performed in
working groups - on the interdisciplinary aspects of the learning activity: the psychological
dimension of learning, the pedagogical perspective, and the technological perspective when
encountering the scientific content, design issues from the gender-balanced perspective — O3;

4 Application of a feedback questionnaire and the development of conclusions regarding the
integration and utilization of new learning technologies in the didactic process - O4.

The workshop leverages the principles of digital pedagogy focused on accessibility, interactivity,
awareness of genre-based perception differences, contextual and experiential learning. This ap-
proach supports the development of technical skills in a flexible and engaging way for students.

Objectives, relevance
O1 Highlighting specific, defining aspects of Digital Pedagogy
02 Real-time delivery of a learning activity that utilizes Augmented Reality

O3 Structured debate, on working groups, regarding the strengths, weaknesses, opportunities,
and threats of the two applications "RM Digital’ and ’OM AR’) from the perspective of
Digital Pedagogy, impacting the development of technical skills.

04 Developing conclusions regarding the integration and capitalization of new learning technolo-
gies in the teaching process.
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Workshop relevance
The relevance of the workshop derives from:

1 The actuality of the field of the Digital Pedagogy, connected to the continuous process of
training for the teaching career and with the diversity of perspectives from which it is ap-
proached;

2 The necessity of illustrating a good practice as a support for constructive discussions on the
topic;

3 The creation of a collaborative and argumentative working framework in which interdisci-
plinary and complementary perspectives on the topic can assert and correlate.
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